Counting conjugacy classes in groups with contracting elements by Gekhtman, Ilya & Yang, Wen-yuan
ar
X
iv
:1
81
0.
02
96
9v
3 
 [m
ath
.G
R]
  2
0 F
eb
 20
19
COUNTING CONJUGACY CLASSES IN GROUPS WITH
CONTRACTING ELEMENTS
ILYA GEKHTMAN AND WEN-YUAN YANG
Abstract. In this paper, we derive an asymptotic formula for the number
of conjugacy classes of elements in a class of statistically convex-cocompact
actions with contracting elements. Denote by C(o, n) (resp. C′(o, n)) the set of
(resp. primitive) conjugacy classes of pointed length at most n for a basepoint
o. The main result is an asymptotic formula as follows:
♯C(o, n) ≍ ♯C′(o, n) ≍
exp(ω(G)n)
n
.
A similar formula holds for conjugacy classes using stable length. As a con-
sequence of the formulae, the conjugacy growth series is transcendental for
all non-elementary relatively hyperbolic groups, graphical small cancellation
groups with finite components. As by-product of the proof, we establish several
useful properties for an exponentially generic set of elements. In particular, it
yields a positive answer to a question of J. Maher that an exponentially generic
elements in mapping class groups have their Teichmu¨ller axis contained in the
principal stratum.
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1. Introduction
1.1. Motivation. Let G be a countable group acting by isometries on a geodesic
metric space (Y, d). Assume that the action of G on Y is proper, so that for any
basepoint o ∈ Y, the set N(o, n) = {g ∈ G : d(o, go) ≤ n} is finite. The critical
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exponent ω(G) of this action is defined as follows:
ω(G) = lim sup
n→∞
log ♯N(o, n)
n
.
The motivating example is the action of a finitely generated group G on its
Cayley graph (Y, d) with respect to a finite generating set S. Here, d is the word
metric and, by a subadditive inequality, the critical exponent is a true limit, which
is the growth rate of G with respect to S.
There has been considerable interest in studying the number of conjugacy classes
of G with stable translation length at most n on Y, in particular its asymptotics
as n→∞ (see below for precise definitions).
When Y is a negatively curved contractible manifold, the problem of counting
conjugacy classes is equivalent to counting closed geodesics in the quotient Y/G.
Indeed the conjugacy class of a loxodromic element g ∈ G defines a closed geodesic
on Y/G which is the image in Y/G of the translation axis of g, and its stable
length is precisely the length of the associated geodesic. The conjugacy class is
called primitive if g is not a proper power of any element of G, in which case the
associated closed geodesic is primitive. In his 1970 thesis [43], Margulis established
a precise asymptotic formula for the set C′(n) of primitive closed geodesics with
length less than n as follows
♯C′(n) ∼
exp(hn)
hn
where h = ω(π1M) is the topological entropy of geodesic flow on the compact
manifoldM . Margulis’s result has been generalized to various actions which display
some hyperbolicity. An analogous formula for closed geodesics has been obtained
for the following actions:
Examples 1.1. (1) Quotients of CAT(−1) space by a geometrically finite groups
of isometries admitting a finite Bowen-Margulis-Sullivan measure on the
unit tangant bundle, [51, The´ore`me 5.2].
(2) Compact rank-1 manifolds, [40].
(3) The moduli space of closed orientable surfaces of genus ≥ 2 endowed with
the Teichmu¨ller metric (which is the quotient of Teichmu¨ller space by the
action of the mapping class group), [23], [24].
(4) Covers of the above moduli space associated to convex-cocompact sub-
groups of the above mapping class groups, [28].
Beyond the manifold setting, Coornaert and Knieper [17], [18] proved that for
hyperbolic groups acting on their Cayley graphs, the number of primitive conjugacy
classes of stable length at most n is up to a bounded multiplicative constant equal
to ehn/n where h is the exponential growth rate of the Cayley graph (see also
Antolin and Ciobanu[2] for all conjugacy classes).
Motivated by Margulis work, Guba and Sapir [33] initiated a systematic study
of conjugacy growth function in groups, namely the number ♯C(1, n) of conjugacy
classes intersecting a ball centered at 1 of radius n. Many examples of groups were
found to have exponential conjugacy growth ♯C(1, n) ≥ an for some a > 1, including
non-virtually solvable linear groups [11], non-elementary acylindrically hyperbolic
groups [37], and so on. We refer the reader to [33] and many related references
therein.
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1.2. Statement of Main results. The object of the present paper is to establish
coarse multiplicative asymptotic formulae for conjugacy classes for a more gen-
eral class of actions called statistically convex-cocompact actions with a contracting
element, encompassing the above examples.
The notion of a contracting element plays a significant role in counting conjugacy
classes. An element g ∈ G is called contracting if for some (or any) basepoint o ∈ Y,
the stable length defined by
τ(g) := lim
n→∞
d(o, gno)
n
is positive and the subset 〈g〉 · o is contracting in Y. Here a contracting subset
X ⊂ Y underlines a certain negative curvature property that any metric ball B
outside X has the uniformly bounded shortest projection to X . We remark that
τ(g) > 0 if and only if the map n ∈ Z 7→ gno ∈ Y is a quasi-isometric embedding.
In the interests of counting conjugacy classes, we now describe two ways to assign
a length to a conjugacy class: stable length and pointed length.
By definition, τ(g) does not depend on the basepoint, so it is a conjugacy invari-
ant. Denote by [g] the set of elements conjugate to g. We then have a well-defined
function τ [g] on the set of conjugacy classes [g].
We shall fix a basepoint o ∈ Y throughtout counting. The pointed length ℓo[g]
of a conjugacy class is defined as ℓo[g] := infg′∈[g] d(o, g
′o). This clearly depends on
the choice of the basepoint. By the subadditivity, we see that
τ(g) = inf{
d(gno, o)
n
: n ≥ 1}.
Thus, for every g ∈ G, we have τ [g] ≤ ℓo[g].
In many geometric examples, the stable length is realized by the pointed length
for a certain basepoint, where Y is the universal cover of a compact Riemannian
manifold, a CAT(0) space, and in Examples 1.1.
In [55], the second-named author defined a class of statistically convex-cocompact
actions, which is a dynamical generalization of convex-cocompact actions studied
in many different settings. Given constants 0 ≤ M1 ≤ M2, let OM1,M2 be the set
of elements g ∈ G such that there exists some geodesic γ between B(o,M2) and
B(go,M2) with the property that the interior of γ lies outside NM1(Go).
Definition 1.2 (statistically convex-cocompact action). If there exist two positive
constants M1,M2 > 0 such that ω(OM1,M2) < ω(G) <∞, then the action of G on
Y is called statistically convex-cocompact (SCC).
Among other results in [55], let us point out that a SCC action with a contracting
element has the purely exponential growth (PEG) property
♯N(o, n) ≍ exp(ω(G)n),
where ≍ denotes the two sides differ by a multiplicative constant.
We say that an element g ∈ G is primitive if it cannot be written as a proper
power g = gn0 for |n| ≥ 2 and g0 ∈ G.
Our main theorem gives asymptotic formulae using pointed length and stable
length for primitive, and all, conjugacy classes. Let
C(o, n) = {[g] : 0 ≤ ℓo[g] ≤ n},
C(n) = {[g] : 0 < τ [g] ≤ n},
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and C′(o, n) ⊂ C(o, n) and C′(n) ⊂ C(n) denote the primitive ones respectively.
Main Theorem. Suppose that a non-elementary group G admits a SCC action
on a geodesic metric space (Y, d) with a contracting element and ω(G) < ∞. Let
o ∈ Y be a basepoint. There exists a constant D = D(o) > 0 such that the following
statements hold:
(1) ♯C(o, n) ≍D ♯C
′(o, n) ≍D
exp(ω(G)n)
n
.
(2) ♯C(n) ∩ C(o, n) ≍D ♯C
′(n) ∩ C(o, n) ≍D
exp(ω(G)n)
n
.
(3)
♯C′(n) ∩ C(o, n)
♯C(n) ∩ C(o, n)
→ 1 and
♯C′(o, n)
♯C(o, n)
→ 1 exponentially fast.
Henceforth, a formula as above in (1) (2) will be referred to prime conjugacy
growth formula.
Remark. Most of the forementioned results count conjugacy classes using the sta-
ble length. Our result also considers the pointed length, which depends on the
basepoint, in the setting of non-cocompact actions. We remark that the conjugacy
growth formula for pointed length is not a direct consequence of the one using stable
length, which in many examples is perhaps not far from the latter.
Regarding to the complicated formula in (2), we wish to explain some subtlety
about counting conjugacy classes in stable length.
In a general proper action, measuring conjugacy classes in stable length has the
weakness that the conjugacy growth function might not be even defined. Indeed,
there exists possibly infinitely many conjugacy classes with bounded stable length.
For example, Conner [16] constructed examples of groups with stable lengths ac-
cumulating at 0 (the opposite is called translation discrete there). See [38] for
examples with discrete spectrum of stable lengths.
Examples of relatively hyperbolic groups whose stable translation spectrum is
not discrete can be easily built via the usual trick by taking a free product of
two groups with the same property. This forces us to consider the formula with
stable length more carefully in Main Theorem. From a geometric point of view, one
may wonder whether these conjugacy classes coming from parabolic subgroups are
not interesting since they degenerate on the quotient manifold (e.g. geometrically
finite Kleinian manifolds). This perhaps motivates one to count only loxodromic
conjugacy classes associated with closed geodesics. However, this still does not
correct the formula: there are examples of hyperbolic manifolds with fundamenatal
groups satisfying the SCC condition but containing infinitely many closed geodesics
with bounded length. See §8.3 for construction of such examples.
Nevertheless, we shall illustrate Main Theorem in the following applications with
many interesting examples, for which we can obtain a satisfactory formula with
stable length.
1.3. Applications. We first consider the class of CAT(0) groups and its subclass
of cubical groups. In this setting, a contracting element is exactly a rank-1 element
in the CAT(0) metric. This turns out to imply the element is also contracting with
respect to ℓ1-metric on the 1-skeleton, when the CAT(0) space has a cube complex
structure.
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Corollary 1.3 (CAT(0) groups). (1) A non-elementary group G acting geo-
metrically on a CAT(0) space with a rank-1 element satisfies the prime
conjugacy growth formulae with pointed length and stable length.
In particular, this holds for the action of a Right angled Artin group
on the Salvetti complex or of a Right angled Coxeter group on the Davis
complex
(2) A non-elementary group G acting geometrically on a CAT(0) cube complex
with a rank-1 element satisfies the prime conjugacy growth formulae with
pointed length and stable length.
In particular, this holds for Right angled Artin or Coxeter group with the
standard word metric, provided that the group is not virtually a product of
nontrivial groups.
Remark. As mentioned in Examples 1.1, the smooth manifold analogue of (1) is due
to Knieper [40]. His method uses conformal densities on the boundary, whereas our
methods are completely geometric and elementary and do not involve any measure
theory.
The formula with the pointed length is immediate by Main Theorem. But for
the stable length, it needs an additional ingredient that for every rank-1 element,
its stable length coincides with pointed length up to a uniform error. This might
not be true in other classes of groups.
Given a relatively hyperbolic group (G,P), a hyperbolic element by definition is
an infinite order element not conjuated into any subgroup in P . For a hyperbolic
element, we note that the stable length coincides with pointed length, up to a
uniform error. Then the following corollary follows.
Corollary 1.4. Let (G,P) be a relatively hyperbolic group. Then for the action
on the Cayley graph, the prime conjugacy growth formulae holds for all conjugacy
classes with pointed length, and for conjugacy classes of hyperbolic elements with
stable length.
In view of Coornaert and Knieper’s results, the class of the cubical groups and
relatively hyperbolic groups are notably not Gromov hyperbolic. The next class
of graphical small cancellation groups contain contracting elements by [4, Theo-
rem 5.1] and thus Main Theorem applies to count conjugacy classes. Many non-
relatively hyperbolic examples are constructed in [32].
Corollary 1.5. The prime conjugacy growth formula with pointed length holds for
graphical small cancellation groups with finite components on the Cayley graph with
respect to small cancellation presentation.
Remark. By [4, Lemma 5.3], some power of every contracting element preseves a
geodesic. However, we do not know whether the stable length can be realized by
pointed length, without rasing the element to a power. So the formula with stable
length is not available.
Since the stable length of a pseudo-Anosov element coincides with the length of
a closed geodesic, Main Theorem applies to count closed geodesics on certain covers
of moduli space corresponding to subgroups acting by a SCC action on Teichmu¨ller
spaces. Convex-cocompact subgroups in the sense of Farb and Mosher [25] are
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obviously SCC, for which the first-named author [28] previously obtained a pre-
cise formula of closed geodesics. In [55, Proposition 6.6], examples of non-convex-
cocompact SCC actions are constructed out of subgroups generated by disjoint
Dehn twists and a sufficiently high power of a pseudo-Anosov element.
Corollary 1.6. The prime conjugacy growth formula holds for closed geodesics on
the cover of the moduli space associated with subgroups in mapping class groups on
Teichmu¨ller space constructed in [55].
We remark that this corollary is not immediate by Main Theorem. It requires
an additional fact about the subgroups Γ < Mod(S) at hand which is evident from
the construction in [55], namely that the Teichmu¨ller geodesic axis of any pseudo-
Anosov g ∈ Γ is contained within a bounded distance of an orbit of Γ. See Section
8 for more details.
We can thus conclude Corollary 1.6 from the following general statement. Com-
pare with [51, The´re`me 5.1.1] and examples in §8.3.
Theorem 1.7. Under the assumption of Main Theorem, assume in addition that
every contracting element preserves a geodesic axis. Then the prime conjugacy
growth formula with stable length holds for all contracting elements with axis inter-
secting a given uniform neighborhood of the orbit Go.
Remark (moduli space). On one hand, Hamenstadt [35] proved that there are closed
geodesics outside every compact part of moduli space; on the other hand, Eskin
and Mirzakhani [23] showed that the number of closed geodesics outside a certain
compact part is exponentially small relative to the ones intersecting it.
If an analogue of the latter holds for the SCC covers of moduli space, then
Main Theorem allows to count all closed geodesics on any SCC cover as in Corollary
1.6.
Applications to conjugacy growth series. There is some recent interest in
understanding the complexity of the following formal conjugacy growth series for a
basepoint o ∈ G:
P(z) =
∑
[g]∈G
zℓo[g] ∈ Z[[z]],
in particular whether it is rational, algebraic, or transcendental over Q(z). One
could similarly look at formal series obtained from counting primitive conjugacy
classes and using stable length. The same result stated below holds for them as
well.
This series is naturally stated with respect to the action on the Cayley graph,
where o is the identity and ℓ1[g] is the minimal length of elements in [g]. It is
well-known that, if counting N(1, n) instead of C(1, n), the formal growth series∑
g∈G z
d(1,g) is rational for any hyperbolic group (cf. [12]). However, in [49][50],
Rivin computed the formal conjugacy growth series for free groups with word metric
which turns out to be irrational.
Furthermore, Rivin [49] conjectured that the conjugacy growth series of a hyper-
bolic group is rational if and only if it is virtually cyclic. In [42], Ciobanu, Hermiller,
Holt and Rees proved that a virtually cyclic group has rational conjugacy growth
series. Later on, Antolin and Ciobanu [2] established the other direction of Rivin’s
conjecture by showing that a non-elementary hyperbolic group has transcendental
conjugacy growth series. The main ingredient is a prime conjugacy growth formula
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for all conjugacy classes in hyperbolic groups, which extends earlier work Coor-
naert and Knieper [17], [18]. Hence, by the same reasoning, we obtain the following
consequence.
Theorem 1.8. A non-elementary group G admitting a SCC action on a proper
geodesic space (Y, d) with a contracting element. Then the conjugacy growth series
is transcendental.
In [52], Sisto proved that if a group admits a proper action with a contracting
element then it must be acylindrically hyperbolic in the sense of Osin [46]. In
particular, we have the following corollary.
Corollary 1.9. Let G be a non-elementary group with a finite generating set S. If
G has a contracting element with respect to the action on the corresponding Cayley
graph, then the conjugacy growth series is transcendental.
This confirms Rivin’s conjecture for a large subclass of acylindrically hyperbolic
groups, including right-angled Artin/Coxeter groups, relatively hyperbolic groups
and graphical small cancellation groups, etc.
In the class of relatively hyperbolic groups, the conclusion actually holds for every
generating set. This gives a direct generalization of the corresponding statement in
[2] for hyperbolic groups.
Corollary 1.10. The conjugacy growth series of a non-elementary relatively hy-
perbolic group is transcendental for every finite generating set.
To conclude the introduction of our results, we mention a result of independent
interest which is a by-product of the proof of our main theorem.
Let E(g) be the maximal elementary subgroup of G containing g. Define the set
A (g) = E(g) · o to be the coarse axis of a contracting element g. We define a 〈g〉
invariant subset AR(g) of Y to be an R-stable axis of the element g, if for any point
x ∈ AR(g), the ball B(x,R) intersects any bi-infinite geodesic α which is contained
a finite neighborhood of A (g) and d(x, gx) > 3R. A simplified version of Theorem
3.10 is stated below.
Theorem 1.11. Assume that G admits a SCC action on a proper geodesic metric
space (Y, d). Fix a contracting element f . Then there exist R > 0 depending on f
such that for any 1 > θ1, θ2 > 0 and any integer m > 1, the set of elements g with
n = d(o, go) satisfying
(1) n ≥ τ [g] ≥ (1− θ1)n,
(2) d(o,AR(g)) ≤ nθ2,
(3) any bi-infinite geodesic which is contained finite neighborhood of Ax(f)
contains an (ǫ, fm)-barrier,
is exponentially generic.
Examining the axis in Teichmu¨ller spaces, we derive the following consequence
in mapping class groups. This gives a positive answer to the (first part of) question
posed by J. Maher in [20, Question 6.4]. By abuse of language, we denote below
by ax(g) the Techmuller axis of a pseudo-Anosov element of g both as a subset of
Teichmu¨ller space and its unit tangent bundle.
Recall that a pseudo-Anosov element is contracting with respect to Teichmu¨ller
metric, cf. [45]. Moreover, the action of MCG(S) on Teich(S) is statistically
convex-cocompact (see [24, Theorem 1.7], [3, Section 10]).
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Let PS be the principal stratum of quadratic differentials.
Theorem 1.12. Let the mapping class group G act on the Teichmu¨ller space (Y, d)
endowed with Teichmu¨ller metric. Then for any 0 < θ1, θ2 < 1, we have
{g ∈ G : n ≥ τ [g] ≥ θ1n & d(o, ax(g)) ≤ θ2n & ax(g) ∈ PS where n = d(o, go)}
is exponentially generic.
1.4. Outline of the proof of Main Theorem. Recall that N(o, n) = {g :
d(o, go) ≤ n} is the set of elements in a ball of radius n. When the action is
SCC, we have
♯N(o, n) ≍ exp(ω(G)n).
Since ℓo[g] ≥ τ [g] for any o ∈ Y, the following relation is basic in our discussion:
C(o, n) ⊂ C(n) ⊂ N(o, n).
The key idea of the proof is to choose an exponentially generic set of contracting
elements with nice properties, so that its is easier to understand their conjugacy
classes. Let us first introduce the following definition.
Definition 1.13. With a basepoint o ∈ Y fixed, an element h ∈ G is called
(ǫ,M, g)-barrier-free if there exists an (ǫ, g)-barrier-free geodesic γ with γ− ∈
B(o,M) and γ+ ∈ B(ho,M): there exists no t ∈ G such that d(t·o, γ), d(t·go, γ) ≤ ǫ.
In [55], the second-named author proved that the set of (ǫ,M, g)-barrier-free
elements is exponentially negligible for a constant M > 0 appearing in Definition
1.2. Furthermore, the set of minimal representatives in conjugacy classes of non-
contracting elements are barrier-free, so exponentially negligible as well. We show
that C(o, n) has the same growth rate as ω(G), it is sufficient to count conjugacy
classes of contracting elements.
The next step is to compute the pointed length and stable length of a contracting
element. The pointed length is a bit easier to compute from the definition. However,
giving a uniform way to compute the stable length of every contracting element
seems to be hard, if not impossible. The solution is here that we can estimate the
stable length for an exponentially generic set of contracting elements.
Lemma 1.14 (Corollary 3.9, Stable length ≃ pointed length). There exists a uni-
form constant D = D(f1, f2, o) > 0 such that for each g ∈ G, the following holds
0 ≤ ℓo[g]− τ [g] ≤ D.
Therefore we do not need to distinguish the stable length and pointed length,
and then ♯C(o, n) and ♯C(n) are coarsely equal.
Upper bound on primitive conjugacy classes. To get the upper bound of
C(o, n), we follow a piece of argument in [18] which works for a cocompact action
of a (hyperbolic) group. Namely, take a conjugacy class [g] ∈ C(o, n) and if g is
primitive and write g = s1 · s2 · · · sn, then by permutation we obtain n words. If
all permutations represent distinct elements, then the upper bound of C(o, n) is
obtained as follows:
♯C′(o, n) · n ≤ ♯N(o, n).
However, this argument breaks down when the action is not cocompact. The reason
is that since [o, go] may have large proportion outside the orbit Go, there is no way
to write g as a product of a number of elements linear in d(o, go). We overcome this
by showing that generic contracting elements stays in definite fraction in NM (Go).
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Lemma 1.15 (Thick contracting elements; Corollary 5.3). There exists an expo-
nentially generic set G of contracting elements such that for each g ∈ G, we have
ℓ([o, go] ∩NM (Go)) ≥ 0.9 · ℓ([o, go]).
Thus, the upper bound on primitive conjugacy classes is obtained in Corollary
5.6.
Counting non-primitive conjugacy classes. Counting non-primitive conjugacy
classes will require more effort. The idea however is simple: the number of non-
primitive conjugacy classes is exponentially negligible, compared to the primitive
ones. The proof of this result, Lemma 7.1, is intuitively clear, since a non-primitive
element g is a proper power of a primitive element g0. An inspection of the argument
shows a difficulty as follows.
Let g ∈ G be a contracting element and E(g) be the maximal elementary
subgroup containing g. Since E(g) is virtually cyclic, there exists a subgroup
E+ < E(g) of index at most two with the following exact sequence
1→ F → E+
φ
→ Z→1.
Any element g ∈ E+ in the kernel φ−1(±1) is called strongly primitive.
Let g = gm0 f be a non-strongly primitive element for |m| ≥ 2 and f ∈ F . Define
a map Π sending [g] to [g0]. Clearly, the image of Π is exponentially negligible. But
there is no reason that Π is uniformly finite to one, since the size of F can change.
The following result fixes this issue.
Lemma 1.16 (Lemma 6.6, Uniform contracting elements). There exists an expo-
nentially generic set G of contracting elements and an integer N > 0 such that for
each g ∈ G, we have
1→ F → E+
φ
→ Z→1
and ♯F ≤ N .
The proof of the lemma relies on the very recent work of Bestvina, Bromberg,
Fujiwara and Sisto [9] which improves the earlier work [8] so that the action on the
projection complex is acylindrical hyperbolic. We then prove that an exponentially
generic set of elements act by loxodromic isometries on the projection complex.
Then a result of Osin [46, Lemma 6.8] concludes the proof.
From this result, we show that primitive conjugacy classes are exponentially
generic in Lemma 7.1.
Lower bound on conjugacy classes. The lower bound is by construction. By
[55], there exists a maximal separated set T in A(o, n,∆) and a contracting element
f such that T · f consists of contracting elements and has the same cardinality as
T . Following an argument of Coornaert and Knieper [17], we show that each
conjugacy class [g] contains at most θn elements in T · f for some uniform number
θ > 0. Thus, we constructed at least
exp(ω(G)n)
n
conjugacy classes. See Corollary
4.5. Finally, the lower bound for primitive conjugacy classes is a direct consequence
of the exponential negligibility of non-primitive ones obtained above.
The structure of the paper is as follows. The preliminary §2 introduces the
contracting property, and a class of periodic admissible paths. The core of §3 is
Proposition 3.8 identifying the stable length with pointed length. Along the way, the
linear growth is proved in Theorem 1.11. Many conjugacy classes are constructed
in §4, estbalishing the lower bound. Then §5 deals with non-cocompact actions and
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obtains the upper bound for primitive conjugacy classes. Section §6 addresses the
issue of unbounded torsion. With previous ingredients in hand, the proof of the
main theorem is completed in §7. The final §8 explains the applications to several
specific classes of groups.
2. Preliminaries
2.1. Notations and conventions. Let (Y, d) be a proper geodesic metric space.
Given a point y ∈ Y and a closed subset X ⊂ Y, let πX(y) be the set of points x
in X such that d(y, x) = d(y,X). The projection of a subset A ⊂ Y to X is then
πX(A) := ∪a∈AπX(a). Whenever talking about projection, we shall assume the
closedness of the subset X under consideration so that πX(A) is nonempty.
Denote dX(Z1, Z2) := diam
(
πX(Z1 ∪ Z2)
)
, which is the diameter of the projec-
tion of the union Z1 ∪ Z2 to X . So dπX(·, ·) satisfies the triangle inequality
dπX(A,C) ≤ d
π
X(A,B) + d
π
X(B,C).
We use dX(Z) := diam
(
πX(Z)
)
as well in the sequel.
We always consider a rectifiable path α in Y with arc-length parametrization.
Denote by ℓ(α) the length of α, and by α−, α+ the initial and terminal points of α
respectively. Let x, y ∈ α be two points which are given by parametrization. Then
[x, y]α denotes the parametrized subpath of α going from x to y. We also denote
by [x, y] a choice of a geodesic between x, y ∈ Y.
Entry and exit points. Given a property (P), a point z on α is called the entry
point satisfying (P) if ℓ([α−, z]α) is minimal among the points z on α with the
property (P). The exit point satisfying (P) is defined similarly so that ℓ([w,α+]α)
is minimal.
A path α is called a c-quasi-geodesic for c ≥ 1 if the following holds
ℓ(β) ≤ c · d(β−, β+) + c
for any rectifiable subpath β of α.
Let α, β be two paths in Y. Denote by α · β (or simply αβ) the concatenated
path provided that α+ = β−.
Let f, g be real-valued functions with domain understood in the context. Then
f ≺ci g means that there is a constant C > 0 depending on parameters ci such
that f < Cg. The symbols ≻ci and ≍ci are defined analogously. For simplicity, we
shall omit ci if they are universal constants.
2.2. Contracting property.
Definition 2.1 (Contracting subset). LetQG denote a preferred collection of quasi-
geodesics in Y. For given C ≥ 1, a subset X in Y is called C-contracting with
respect to QG if for any quasi-geodesic γ ∈ QG with d(γ,X) > C, we have
ProjX(γ) ≤ C.
A collection of C-contracting subsets is referred to as a C-contracting system (w.r.t.
QG).
Example 2.2. We note the following examples in various contexts.
(1) Quasi-geodesics and quasi-convex subsets are contracting with respect to
the set of all quasi-geodesics in hyperbolic spaces.
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(2) Fully quasi-convex subgroups (and in particular, maximal parabolic sub-
groups) are contracting with respect to the set of all quasi-geodesics in
relatively hyperbolic groups (see Proposition 8.2.4 in [31]).
(3) The subgroup generated by a hyperbolic element is contracting with respect
to the set of all quasi-geodesics in groups with non-trivial Floyd boundary.
This is described in [57, Section 7].
(4) Contracting segments in CAT(0)-spaces in the sense of in Bestvina and Fuji-
wara are contracting here with respect to the set of geodesics (see Corollary
3.4 in [10]).
(5) The axis of any pseudo-Anosov element is contracting relative to geodesics
by Minsky [45].
(6) Any finite neighborhood of a contracting subset is still contracting with
respect to the same QG.
Convention 2.3. In view of Examples 2.2, the preferred collection QG in the sequel
will always be the set of all geodesics in Y.
We collect a few properties that will be used often later on. The proof is a
straightforward application of the contracting property, and is left to the interested
reader.
Proposition 2.4. Let X be a contracting set.
(1) X is σ-quasi-convex for a function σ : R+ → R+: given c ≥ 1, any c-quasi-
geodesic with endpoints in X lies in the neighborhood Nσ(c)(X).
(2) Let Z be a set with finite Hausdorff distance to X. Then Z is contracting.
In most cases, we are interested in a contracting system with the R-bounded
intersection property for a function R : R≥0 → R≥0 so that
∀X 6= X ′ ∈ X : diam
(
Nr(X) ∩Nr(X
′)
)
≤ R(r)
for any r ≥ 0. This property is, in fact, equivalent to the bounded intersection
property of X: there exists a constant B > 0 such that the following holds
ProjX′(X) ≤ B
for X 6= X ′ ∈ X. See [57, Lemma 2.3] for a proof of equivalence.
Recall that G acts properly on a geodesic metric space (Y, d). An element h ∈ G
is called contracting if the orbit 〈h〉 · o is contracting, and the orbital map
(1) n ∈ Z → hno ∈ Y
is a quasi-isometric embedding. The set of contracting elements is preserved under
conjugacy.
Given a contracting element h, we define a group
(2) E(h) := {g ∈ G : dH(〈h〉o, g〈h〉o) <∞}
where dH denotes the Hausdorff distance. This is a maximal elementary group
containing 〈h〉 as a finite-index subgroup (cf. [55, Lemma 2.11]). Moreover, it can
be described as follows,
E(h) = {g ∈ G : ∃n > 0, (ghng−1 = hn) ∨ (ghng−1 = h−n)}.
In what follows, the contracting subset
(3) Ax(h) = {f · o : f ∈ E(h)}
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will be called the coarse axis of h. Hence, the collection {gAx(h) : g ∈ G} is a
contracting system with bounded intersection (cf. [55, Lemma 2.11]). Compare
with combinatorial axis in Definition 2.8 and stable axis in Definition 3.3.
Two contracting elements h, k ∈ G are independent if the collection of contract-
ing sets {gAx(h), gAx(k) : g ∈ G} has bounded intersection. Equivalently, they
are independent if E(h) and E(k) are not conjugate in G.
For i = 1, 2, two (oriented) geodesics γi : R → Y have the same orientation if
dH(γ1([o,+∞]), γ2([o,+∞])) <∞.
An element g ∈ G preserves the orientation of an oriented geodesic α if α and gα
have the same orientation.
The following fact is elementary.
Lemma 2.5. For every contracting element g ∈ G, there exists a bi-infinite geodesic
α in a finite neighborhood of the axis Ax(g). Moreover, the element g preserves the
orientation of the geodesic α.
Proof. By Proposition 2.4, the first statement follows from the quasiconvexity of the
contracting subset Ax(g) by a Cantor diagonal argument. To prove the moreover
statement, fix an orientation of α : R → Y, and a basepoint o = α(0) ∈ α. Let
R > 0 be the Hausdorff distance between α and Ax(f). Thus, for xn = α(n), there
exists kn ∈ Z such that d(gkno, xn) ≤ R.
Suppose to the contrary that R′ = dH(α([0,+∞]), gα([0,−∞])) <∞. Thus, for
every n > 0, there existsm < 0 such that d(gxn, xm) ≤ R′. Then d(gkn+1o, gkmo) ≤
2R+R′. Since the action is proper, we obtain that kn−km = n0 for infinitely many
n > 0,m < 0. However, this is a contradiction since d(gkno, gkmo) ≥ d(xn, xm)−2R
tends ∞ when |n|, |m| → +∞. 
Corollary 2.6. For a contracting element h, let E+(h) be the subgroup of orienta-
tion preserving elements in E(h). Then E+(h) = {g ∈ G : ∃n > 0, ghng−1 = hn}
is of index at most two and contains all contracting elements in E(h).
Remark. A similar statement appears in Corollary 6.6 in [19], where the space Y
is assumed to be δ-hyperbolic.
By a theorem of Stallings we obtain the following exact sequence
(4) 1→ F → E+(h)
φ
→ Z → 1,
where F is a finite group and Z is the group of integers. Any element g ∈ E+(h)
in φ−1(±1) is called strongly primitive.
Lemma 2.7. A strongly primitive contracting element is a primitive element.
Proof. Let g ∈ E(h) be a strongly primitive contracting element. If g is not prim-
itive, then g = gk0 for some |k| ≥ 2, g0 ∈ G. Since g is contracting, it is readily
checked that 〈g0〉 · o is a contracting quasi-geodesic, which implies that g0 is a con-
tracting element. By definition of E(h), we have g0 ∈ E(h) and then g0 ∈ E+(h)
by Lemma 2.5. We obtain now φ(g) = k · φ(g0) 6= ±1, contradicting the strong
primitivity of g. 
Remark. Note that the converse may not be true. But a primitive contracting
element g ∈ E(h) can be written as gk0f for |k| ≥ 2 and f ∈ F , where g0 is strongly
primitive.
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2.3. Periodic admissible paths. In [57], the notion of an admissible path is
defined with respect to a contracting system X in Y. Roughly speaking, an admis-
sible path is a concatenation of geodesics which travel alternatively near contracting
subsets and leave them in an orthogonal way. In the present paper, we shall focus
on a particular class of admissible paths, which will serve as axis for contracting
elements.
Definition 2.8 (Periodic Admissible Path). Let D, τ > 0 and X be a contracting
system with bounded projection. Given an element g ∈ G, a bi-infinite path γ =
∪i∈Z(qipi) is called periodic (g,D, τ)-admissible path if the following hold
(1) each pi is a geodesic of length at least D with two endpoints in Xi ∈ X,
(2) each qi is a geodesic with τ -bounded projection to Xi and Xi−1:
max{ProjXi(qi),ProjXi+1(qi)} ≤ τ,
(3) qipi = g
i(q0p0) for i ∈ Z.
The collection of Xi ∈ X is called a combinatorial axis of the element g, denoted
by A(g).
Remark. The main difference with the definition in [57] is the third item which
gives the way to represent the admissible path periodically. For large D ≫ 0, it is
easy to see that we must have Xi = g
iX0 by bounded intersection of Xi ∈ X.
The collection A(g) was called saturation of γ in [55]. Here it obtains a sense of
an axis with respect to the action of G on the projection complex built from the
collection X, where each X ∈ X is collapsed to one vertex. Compare with a similar
notion in [7, Lemma 4.24] and Lemma 6.5.
Since a periodic admissible path is a special case of the more general notion of
an admissible path, the results proven in [57] and [55] apply here. We summarize
several properties about periodic admissible paths.
Proposition 2.9. Let X be the C-contracting system X with R-bounded projection.
For any τ > 0, there are constants D = D(τ,R), ǫ = ǫ(τ,R) > 0 such that the
following holds.
Let g ∈ G be an element admitting a periodic (g,D, τ)-admissible path γ =
∪i∈Z(qipi). Then g is a contracting element.
Moreover, for any bi-infinite geodesic α within a finite Hausdorff distance of γ,
we have that α ∩ NC(Xi) 6= ∅ for every Xi ∈ A(g), with the entry and exit points
ǫ-close (pi)− and (pi)+ respectively.
Proof. The substantial part of the statements are proved in [57] and [55]. We briefly
explain the argument. By Proposition 2.9.2 in [55] we have γ is a contracting quasi-
geodesic, so g is contracting by definition. The “moreover” statement was proved in
[55] when γ is a finite path with the endpoints shared with α. This indeed follows
from the bounded projection to X = Xi from both sides in [57, 3.7]: there exists
B = B(σ,R) > 0 such that
ProjX(β1) ≤ B, ProjX(β2) ≤ B
where β1 is the left one-sided infinite path issuing from (pi)− and β2 is the right
one from (pi)+.
In the current setting, if α was disjoint with NC(X), then its projection to X
is bounded above by C. Say for some R > 0, γ stays in an R-neighborhood of α
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by the assumption. Then we can take two points zi ∈ βi far from NR(X) such
that d(zi, α) ≤ R and thus the ball centered at zi of radius R misses Xi. By the
contracting property, each ball around zi projects to a bounded set of diameter C.
We then obtain ℓ(pi) ≤
∑
i=1,2ProjXi(βi) +ProjXi(α) + 2C ≤ 2B + 3C. Raising
D > 2B+3C, we obtain that α∩NC(X) 6= ∅. The ǫ-closeness to α of the endpoints
of pi follows similarly by a projection argument. 
2.4. Exponential negiligibility of barrier-free elements. Recall that the no-
tion of a statistically convex-cocompact action is given in Definition 1.2,so that
ω(OM1,M2) < ω(G) <∞
for some constantsM1,M2 > 0. Here, OM1,M2 is the set of elements g ∈ G such that
there exists some geodesic γ between B(o,M2) and B(go,M2) with the property
that the interior of γ lies outside NM1(Go). In the applications under consideration,
since OM2,M2 ⊂ OM1,M2 , we can assume that M1 = M2 and henceforth, denote
OM := OM,M for an easy notation.
The next tool in our study is the (exponential) negiligibility of a class of barrier-
free elements. A set X in G is called generic if
♯X ∩N(o, n)
♯N(o, n)
→ 1,
as n→∞. It is called exponentially generic if
♯N(o, n) \X
♯N(o, n)
≤ exp(−ǫn),
for some ǫ > 0 and all n≫ 0.
Following [54], a subset X of G is called growth tight if ω(X) < ω(G). If G has
purely exponential growth then the growth tightness of a subset is equivalent to
the exponential genericity.
We now refine a notion of barriers in a geodesic discussed in [54].
Definition 2.10. Fix constants ǫ,M > 0 and a set P in G.
(1) Given ǫ > 0 and f ∈ P , we say that a geodesic γ contains an (ǫ, f)-barrier
if there exists an element t ∈ G so that
(5) max{d(t · o, γ), d(t · fo, γ)} ≤ ǫ.
If there exists no t ∈ G so that (5) holds, then γ is called (ǫ, f)-barrier-free.
Generally, γ is called (ǫ, P )-barrier-free if it is (ǫ, f)-barrier-free for some
f ∈ P . An obvious fact is that any subsegment of γ is also (ǫ, P )-barrier-
free.
(2) If the entry and exit points of γ in Nǫ(t·Ax(f)) are contained in the interior
of γ, then we say that γ contains a proper (ǫ, f)-barrier.
(3) An element g ∈ G is (ǫ,M, P )-barrier-free if there exists an (ǫ, P )-barrier-
free geodesic between B(o,M) and B(go,M). Denote by Vǫ,M,P the set of
(ǫ,M, P )-barrier-free elements in G.
Remark. By abuse of language and for simplicity, we shall say that the contracting
subset t ·Ax(f) (or even t when f is clear in context) is an (ǫ, f)-barrier.
Theorem 2.11. Assume that a non-elementary group G acts properly on a proper
geodesic metric Y with a contracting element. Then for any M > 0 there exists
ǫ > 0 such that the following properties hold for any element f ∈ G:
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(1) If the action is SCC, then the barrier-free set Vǫ,M,f is exponentially generic.
(2) If the action has PEG, then the barrier-free set Vǫ,M,f is negligible.
We remark that if the action is SCC, then it has purely exponential growth.
However, the converse is not true: there exists examples of geometrically finite
Kleinian groups on Hadamard manifolds with PEG actions but without the para-
bolic gap property. Indeed, M. Peigne´ [48] constructed a class of exotic Schottky
groups acting geometrically finitely on a simply connected Hadamard manifold
without parabolic gap property so that the corresponding Bowen-Margulis-Sullivan
measure is finite. By Roblin’s work [51], the finiteness of Bowen-Margulis-Sullivan
measure is equivalent to the purely exponential growth of the action.
Most of results in the sequel requires only the purely exponential growth, which
in turn gives generic/negligible dichotomy (without exponential convergence rates).
3. Genericity properties of contracting elements
The goal of this section is to choose an exponentially generic set of contracting
elements so that we can compute efficiently their stable length. We start by recalling
some results from [54] about genericity of contracting elements.
Throughout this section, let M > 0 be the constant appearing in the definition
of a statistically convex-cocompact action. Let ǫ = ǫ(M) > 0 given by Theorem
2.11 so that the barrier-free set Vǫ,M,f is exponentially negligible for any f ∈ G.
We shall omit M in Vǫ,M,f when it is understood in context.
3.1. Genericity of contracting elements. In [54], it is proved that contracting
elements are (resp. exponentially) generic if the proper action is PEG (resp. SCC).
The proof of this result replies on the following more general result. Recall that
Vǫ,f denotes the set of (ǫ, f)-barrier-free elements.
Theorem 3.1. [54, Theorem 4.1] For each contracting element f ∈ G the set of
elements in G conjugated into Vǫ,f is exponentially negligible for SCC actions.
Remark. Parallel to Theorem 2.11, there is an additional statement that, when the
action is PEG, the above set in the conclusion is negligible. This may be used to
generalize Main Theorem to any proper PEG action.
By Theorem 3.1, we proved in [54, Proposition 3.1] that non-contracting elements
admit minimal representatives in Vǫ,fm for some m > 0. Thus, non-contracting
elements are exponentially negligible. One consequence is that it suffices to count
conjugacy classes for contracting elements, when using pointed length. Moreover,
we can consider the set of elements admitting a minimal representative with an
(ǫ, f)-barrier.
Lemma 3.2. For a SCC action, the set of non-contracting elements is exponen-
tially negligible. Moreover, the set of elements which admit a minimal (ǫ, f)-barrier-
free representative is exponentially negligible.
3.2. Stable axis of contracting elements. One of goals of this section is to
relate the stable length and pointed length up to a bounded error for a generic set
of conjugacy classes. For that purpose, we shall discuss a notion of stable axis in
order to facilitate the computation of stable length.
Given a contracting element g, the group E(g) is the maximal elementary sub-
group containing g in G, and Ax(g) = E(g) · o is the (coarse) axis of g.
We now introduce a finer notion of axis for a contracting element.
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Definition 3.3 (Stable axis). Let g be a contracting element. Given R > 0, a 〈g〉-
invariant subset AR(g) ⊂ Y is called a stable R-axis, if for any point x ∈ A (g), the
ball B(x,R) intersects any bi-infinite geodesic α contained in a finite neighborhood
of Ax(g), and d(x, gx) ≥ 3R.
The terminology of a stable axis is explained by computing the stable length.
Lemma 3.4. Assume that a contracting element g admits a stable R-axis AR(g)
for some R > 0. Then for any x ∈ AR(g), we have |τ [g]− d(x, gx)| ≤ 2R.
Proof. Choose a reference point x0 ∈ AR(g) and a geodesic α within a finite Haus-
dorff distance of Ax(g). Since Ax(g) is 〈g〉-invariant, we have that for each i ∈ Z,
giα stays in a finite neighborhood of Ax(g). By definition of the stable axis,
we obtain that d(gix0, α) ≤ R. Denoting xi = gix0, there exists zi ∈ α such that
d(xi, zi) ≤ R and so |d(zi, zi+1)−d(x0, gx0)| ≤ 2R for each i. Since d(x0, gx0) ≥ 3R,
by an elementary argument, we see that zi are linearly ordered on α. This shows
that
|d(z0, zn)− nd(x0, gx0)| ≤ 2nR.
Since d(z0, x0), d(zn, g
nx0) ≤ R, we have
τ(g) = lim
n→∞
d(gnx0, x0)
n
= lim
n→∞
d(zn, z0)
n
.
This gives |τ(g)− d(x0, gx0)| ≤ 2R, completing the proof. 
From now on, we fix a contracting element f ∈ G, and consider the collection
of contracting subsets X = {gAx(f) : g ∈ G} with bounded intersection (cf. [55,
Lemma 2.11]). Let C > 0 be the contraction constant for X.
All periodic admissible paths are defined using this collection X. Let us now
relate the combinatorial axis to the stable axis, so we are able to compute the
stable length from the existence of a periodic admissible path. See the definition
2.8 of a combinatorial axis (associated to a periodic admissible path).
Lemma 3.5. For any given τ > 0, there exist D0 = D0(f, τ), R = R(f, τ) > 0
such that the following holds.
Consider a contracting element g with a periodic (g,D, τ)-admissible path γ =
∪i∈Z(qipi) for D > D0. Let A(g) be the combinatorial axis γ. Then
(1) The following set
A (g) := ∪X 6=Y ∈A(g)ProjX(Y )
consists of a stable R-axis of the element g.
(2) In particular, |τ [g]− ℓ(p0)− ℓ(q0)| ≤ R.
(3) Moreover, if g = gk0 for k > 0, then
|τ [g0]− ℓo[g0]| ≤ R
where the basepoint o is the chosen at (p0)−.
Proof. It is clear that A (g) is 〈g〉-invariant since A(g) is so. Consider a bi-infinite
geodesic α inside a finite neighborhood of Ax(g). Let D0, ǫ > 0 be given by
Proposition 2.9 so that we obtain NC(Xi) ∩ α 6= ∅ for any Xi ∈ A(g). Moreover,
the entry point and exit point of α in NC(Xi) stay within ǫ-distance of (pi)−, (pi)+
respectively. Using a similar argument as in Proposition 2.9, we see that for any
Y ∈ A(g), the projection ProjX(Y ) stays within a uniform neighborhood of the
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entry point or exit point of α in NC(X). This implies the set A (g) is a stable R-
axis for a uniform number R > 0. By Lemma 3.4, up to a uniform error depending
on R, we have τ [g] equals the distance d(x, gx) for x ∈ A (g), which is roughly the
length of p0q0 by Proposition 2.9.
Let gk0 = g in the “moreover” statement. So g0 is a contracting element and
we obtain E(g0) = E(g) and Ax(g) = Ax(g0). Since 〈g〉 acts transtively on A(g)
and A(g) ⊂ X is the collection of translated axis of f , we see that f and g are
independent. This implies gi0A(g)∩ g
j
0A(g) = ∅ for 0 ≤ i 6= j ≤ k. We define the set
A (g0) similarly as A (g), where A(g) is replaced with ∪
k−1
i=0 g
i
0A(g), a disjoint union
of k copies of A(g). The same argument as above shows that A (g0) is a stable
R-axis of g0, concluding the proof that |τ [g]− ℓo[g0]| ≤ R by Lemma 3.4. 
3.3. Growth tightness of fractional barrier-free elements. It is useful to
look at a definite percentage of a geodesic with(out) certain properties. See §5 for
further development of this idea.
Let
−→
θ (n) = (θ1(n), θ2(n)) : R≥0 → [0, 1]2 be a function such that θ1(n) ≤ θ2(n).
A
−→
θ -interval of a geodesic segment α, denoted by α−→
θ
, is the closed subsegment
with the initial endpoint at a distance θ1(n)n to α− and the terminal endpoint
θ2(n)n to α+ where n := ℓ(α).
Lemma 3.6. Assume that the action G y Y is SCC. Let
−→
θ (n) = (θ1(n), θ2(n)) :
R≥0 → [0, 1]
2 be a function such that θ(n) = θ2(n)−θ1(n) ≥ n
−a for some a ∈ (0, 1).
Let f be a contracting element. Then the set of elements g ∈ G for which the
interval [o, go]−→
θ
does not contain a proper (ǫ, f)-barrier is negligible.
Moreover, when lim infn≥1 θ(n) > 0, the above set is exponentially negligible.
In most cases, we choose a constant function θ(n) = (θ1, θ2) for 0 ≤ θ1 < θ2 ≤ 1.
Remark. We remark that the SCC assumption on actions is crucial to obtain the
growth tightness in the “moreover” statement.
In this proof, we frequently use the following criterion for a set to be negligible.
Lemma 3.7. Assume that the action G y Y has purely exponential growth. Let
D > 0 and θ : R≥0 → (0, 1] such that θ(n) ≥ n−a for some 1 > a > 0. For a growth
tight set Z ⊂ G, the set of elements g ∈ G which satisfy both of the following two
properties is negligible:
(1) g = g1g2g3 can be written as a product of three elements such that |d(o, go)−∑
i=1,2,3 d(o, gio)| ≤ D and
(2) one of the three gi’s belongs to Z and has length bigger than θ(d(o, go)) ·
d(o, go).
Moreover, when lim infn≥1 θ(n) > 0, the above set is exponentially negligible.
Proof. Let us first consider the set of elements g = g1g2g3 with d(o, go) = n and
the two properties in the hypothesis, where g2 satisfies the second property. The
number of these elements are upper bounded by
(6)
∑
0≤k+l≤n+D
n≥l≥nθn
♯N(o, k) · ♯(N(o, l) ∩ Z) · ♯(N(o, n+D − k − l)),
where θn := θ(n) ≥ n−a for some a ∈ (0, 1). Since the action has PEG, we have
♯N(o, i) ≍ exp(ω(G)i)
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for i ≥ 0. Since the set Z is growth tight, there exists 0 < ω1 < ω(G) such that
♯(N(o, l) ∩ Z) ≺ exp(ω1l).
For ǫ := ω(G) − ω1 > 0, each summand in (6) takes proportion of N(o, n) at
most ≺ exp(−ǫ · nθn) ≺ exp(−ǫn1−a). Since there are at most n2 summands and
n2 exp(−ǫn1−a) → 0, we obtain that the set of elements g with this property is
negligible. When g1 or g3 satisfies the second property, an even simpler proof
shows that the corresponding sets are negligible as well.
If θn is uniformly away from 0, then the above computation shows that the set
under consideration is exponentially negligible. Thus the result is proved. 
We are ready to prove Lemma 3.6.
Proof of Lemma 3.6. Let g ∈ G be an element so that [o, go]−→
θ
does not contain a
proper (ǫ, f)-barrier. Denote n = d(o, go) and θ2 = θ2(n), θ1 = θ1(n) for simplicity.
The proof proceeds by gradually imposing conditions to show that g belongs to a
(finite union of) negligible sets.
Denote β = α−→
θ
the
−→
θ -interval of α := [o, go]. First of all, we can assume
that the whole geodesic α contains an (ǫ, f)-barrier. Otherwise, g belongs to the
barrier-free set Vǫ,f , which is exponentially negligible by Theorem 2.11.
Let t ∈ G be an (ǫ, f)-barrier such that d(to, α), d(tfo, α) ≤ ǫ. Denote by x, y
the corresponding entry and exit points of α in Nǫ(tAx(f)).
Furthermore, we assume that the subpath [x, y]α intersects β in a diameter at
most ℓ(β)/3. Indeed, if ℓ([x, y]α∩β) ≥ ℓ(β)/3, then we can take the growth tight set
Z = E(f), D = 4ǫ and θ = (θ2 − θ1)/3. We can then easily write g = t · f · (tf)−1g
as a product of three elements satisfying the properties in Lemma 3.7. Hence, the
set of these elements g is negligible.
Consequently, [x, y]α does not contain the middle point of β, so any barrier of α
stays either on the left side or the right side of β.
Assume that one side, say the left side, of β does not contain an (ǫ, f)-barrier.
Then the right side of β must contain at least one (ǫ, f)-barrier, and consider the
left-most one with the entry point w. This implies that [o, w]α is (ǫ, f)-barrier-free.
Since ℓ([o, w]α) ≥ θ · d(o, go) and Z = Vǫ,f is growth right, then by Lemma 3.7 we
see that, in this case, g belongs to a negligible set.
We now turn to the case that each side of β contains an (ǫ, f)-barrier. Let
t1 ∈ G be the right-most barrier on the left side of β. Thus, denoting by z ∈ α
the exit point in N(t1 ·Ax(f)), we have d(z, t1o) ≤ ǫ. Similarly, for the left-most
barrier t2 on the right side of β, we have d(w, t2o) ≤ ǫ for the entry point w ∈ α in
N(t2 ·Ax(f)). Since each barrier intersects with β in a segment less than ℓ(β)/3,
and β contains no proper barrier, we conclude that [z, w]α is (ǫ, f)-barrier-free, and
so t−11 t2 is. Noting that ℓ([z, w]α) ≥ ℓ(β)/3 ≥ θ · d(o, go) and writing
g = t1 · (t
−1
1 t2) · (t
−1
2 t1g)
as a product of three elements, we can show that the set of such elements g is
negligible using Lemma 3.7 again.
In summary, assuming that β does not contain a proper (ǫ, f)-barrier, we obtain
that the set of these elements g is negligible.
When lim infn≥1 θ(n) > 0, the above sets involved using Lemma 3.7 is expo-
nentially negligible. Hence, the “moreover” statement is proved along the same
lines. 
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3.4. Stable length of exponentially generic elements. We are now ready to
state the main result of this subsection.
Proposition 3.8. Fix a basepoint o ∈ Y, and
−→
θ = (θ1, θ2) ∈ (0, 1)2 with θ1 < θ2,
and two independent contracting elements f1, f2 ∈ G such that d(o, fio)≫ 0. There
exists a constant B = B(o, fi, θi) > 0 with the following property.
Let g ∈ G be a minimal element in [g] so that [o, go] contains at least one (ǫ, f1)-
barrier and one (ǫ, f2)-barrier. Then
|τ [g]− d(o, go)| ≤ B.
Moreover, for any gk0 = g with k ∈ Z, we have |τ [g0]− d(o, g0o)| ≤ B.
Proof. Assume that there exists an (ǫ, fi)-barrier ti for α = [o, go] where i = 1, 2.
Let bi = ti · Ax(fi). Since f1, f2 are independent, we have that b1 and b2 have
bounded intersection: for given ǫ > 0 there exists R > 0 such that
diam
(
Nǫ(b1) ∩Nǫ(b2)
)
≤ R.
We shall prove that
Claim. There exists b ∈ {b1,b2} with the following property:
Denote by x, y the entry and exit points of the geodesic α in Nǫ(b). We have
(7) d(x, y) + d(y, gx) ≤ d(o, go) + 2ǫ.
(8) diam
(
Nǫ(b) ∩ g[o, x]α
)
< R,
(9) diam
(
Nǫ(b) ∩ g
−1[y, go]α
)
< R.
Assuming the Claim, we complete the proof of the proposition by Lemma 3.5.
To that end, we construct the concatenated path as follows:
(10) γ = ∪i∈Zg
i([x, y]α · [y, gx]),
where [x, y]α is the subsegment of α between x and y.
Denote D = max{d(o, fio) : i = 1, 2} − 2ǫ > 0 and σ = 5C + R. We shall show
that γ is a periodic (g,D, σ)-admissible path with associated contracting subsets
A(γ) = {giNǫ(b) : i ∈ Z} of bounded intersection.
Since X has bounded intersection and d(x, y) ≥ D, by Definition 2.8, it thus
remains to verify the condition (BP):
[y, gx] has σ-bounded projection to Nǫ(b) and Nǫ(gb).
We only prove it for Nǫ(b); the other case is symmetric.
Note that y is the exit point of α in Nǫ(b) and since ǫ > C, we have [y, go] ∩
NC(b) = ∅. Then it follows that Projb([y, go]) ≤ C by the contracting property.
By [54, Lemma 6.1], we obtain that Projb(g[o, x]α) ≤ diam
(
Nǫ(b) ∩ g[o, x]α
)
+4C.
By the Claim,
Proj
b
([y, gx]) ≤ Proj
b
([y, go]) +Proj
b
(g[o, x]α) ≤ 5C +R ≤ σ
where we use (8) from the Claim.
Hence, γ is a periodic (g,D, σ)-admissible path. Choose d(o, fio)≫ 0 such that
the constant D > D0 satisfies Proposition 2.9. By Lemma 3.5, there exists B > 0
such that
|τ [g]− d(x, y)− d(y, gx)| ≤ B,
and thus the conclusion of the proposition follows from (7).
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It remains to prove the above Claim.
Proof of the Claim. Pick up any b ∈ {b1,b2} to start. The rest of the proof is to
show that if one of (8) and (9) is false for this choice b, then the other b˜ 6= b from
{b1,b2} satisfies both (8) and (9).
For definiteness, say that (8) is false, and thus the following holds:
(11) diam
(
Nǫ(b) ∩ g[o, x]α
)
≥ R.
Let us look at the triangle ∆(y, gx, go). Recall that d(y, tfko) ≤ ǫ for some
k ∈ Z. By the minimality of g in [g], we obtain
(12) d(y, gy) ≥ d(tfko, gtfko)− 2ǫ ≥ d(o, go)− 2ǫ.
Similarly, we have d(x, gx) ≥ d(o, go) − 2ǫ.
Note that d(o, go) = d(o, x)+d(x, y)+d(y, go) and d(y, gy) ≤ d(y, gx)+d(gx, gy).
From (12), we infer that
(13) d(y, go) + d(go, gx) ≤ d(y, gx) + 2ǫ.
This implies (7), since d(o, go) = d(o, x) + d(x, y) + d(y, go).
Denote by w the entry point of [go, gx] in Nǫ(b). Noting ǫ > C and using the
contracting property, we obtain that d(y, w) ≤ 2C. As a consequence, it follows
that
(14) d(y, go) ≤ 2C + 2ǫ ≤ 4ǫ.
Indeed, note first the following inequality
d(y, gx) ≤ d(w, gx) + d(y, w) ≤ d(w, gx) + 2C ≤ d(go, gx) + 2C.
By (13), we then obtain that
d(y, go) ≤ d(y, gx)− d(go, gx) + 2ǫ ≤ 2C + 2ǫ,
proving the inequality (14).
From (11), we deduce that diam
(
α ∩Nǫ(g−1b)
)
≥ R. Noting that the entry
point of α in Nǫ(g
−1b) is g−1w, we deduce that it has at most 6ǫ-distance to o as
follows:
d(g−1w, o) ≤ d(g−1w, g−1y) + d(g−1y, o) ≤ 2C + d(go, y) ≤ 6ǫ.
In summary, we prove that the entry and exit points of α in Nǫ(g
−1b) and Nǫ(b)
stay within 6ǫ-distance to o and go respectively.
Using the assumption on g, we know that [o, go] also contains a barrier b 6= b˜.
Since the intersection of α with Nǫ(b˜) has at most R-overlap with that of α with
Nǫ(b), we could take d(o, fio) > R for i = 1, 2 sufficiently large so that the overlap
sufficiently separates their exit points of α. Similarly, the entry points are also
sufficiently separated for Nǫ(g
−1b) and Nǫ(g
−1b˜). Hence, the entry and exit points
of α = [o, go] in Nǫ(b˜) are at least 6ǫ away far from both o and go.
On the other hand, for this b˜ and the corresponding exit point of α from Nǫ(b˜),
we repeat the argument after assuming (11). We obtain that the exit point should
be 4ǫ-close to go, as in (14). This is a contradiction, which implies that (8) is true
for b˜. The same argument works to show (9) for b˜. Thus the Claim is proved
under the first assumption on g. 
The proof of the proposition is complete. 
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We now record the main consequence of Proposition 3.8.
Corollary 3.9. There exist a uniform number B > 0 and an exponentially generic
set G of elements such that for each g ∈ G, 0 ≤ ℓo[g]− τ [g] ≤ B. Moreover, for any
gk0 = g with k ∈ Z, we have |τ [g0]− ℓo[g0]| ≤ B.
Proof. Only the exponential genericity of elements in Proposition 3.8 needs to be
certified, which follows from Theorem 3.1. 
3.5. Generic elements with linear stable length. In this subsection, we give
an additional application of the previous results and prove that generic elements
are contracting elements with stable length sufficiently close to the radius and their
axis close to the basepoint in a certain quantitative sense.
Theorem 3.10. Assume that G admits a SCC action on a proper geodesic metric
space (Y, d). There exist constants ǫ = ǫ(f), R = R(f) > 0 for any contracting
element f ∈ G such that the following holds.
Let θi : R≥0 → (0, 1] such that θi(n) ≥ n
−a and a ∈ (0, 1) where i = 1, 2 and
m > 0 be any integer. Then the set of elements g with n = d(o, go) satisfying the
following properties is generic:
(1) n ≥ τ [g] ≥ (1− θ1(n))n,
(2) d(o,AR(g)) ≤ nθ2(n),
(3) any bi-infinite geodesic in a finite neighborhood ofAx(g) contains an (ǫ, fm)-
barrier,
Moreover, if lim infn≥1 θi(n) > 0 for i = 1, 2, then the above set is exponentially
generic.
By definition of a stable axis, we could replace AR(g) with any bi-infinite geodesic
in a finite neighborhood of Ax(f).
Proof. Fix any θ : R≥0 → (0, 1/2] such that θ(n) ≥ n
−a for some a ∈ (0, 1). For
given m > 0, we shall choose a big integer k = k(m) > 0 determined below. Let G
be the set of elements g ∈ G satisfying the following two conditions:
(1) the [ θn4 ,
θn
2 ]-interval of α := [o, go] contains a proper (ǫ, f
k)-barrier t1 ∈ G,
(2) the [1− θn2 , 1−
θn
4 ]-interval of α contains a proper (ǫ, f
k)-barrier t2 ∈ G,
where θn := θ(n) and n = d(o, go).
By Lemma 3.6, the set G is generic, and when lim infn≥1 θi(n) > 0 for i =
1, 2, this set is exponentially generic. In the remainder of the proof, we prove
the conclusion for the case θ1 = θ2 for ease of exposition. The general case of
course follows from the fact that the union of two (exponentially) generic set is
(exponentially) generic.
Denote b1 = t1Ax(f) and b2 = t2Ax(f). Up to ignoring a growth tight set, we
can assume that b2 ∩ NC(gα) = ∅ and b1 ∩ NC(g−1α) = ∅. Indeed, if not, let’s
assume that b2 ∩NC(gα) 6= ∅; the other possibility is analogous.
Let z be the entry point of α in NC(g
−1b2), so gz is the entry point of gα in
NC(b2). Let w be the exit point of α in NC(b2). If two geodesics from the same
point intersect the C-neighborhood of a C-contracting set, we can deduce from the
contracting property that their entry points are bounded above by a distance 4C.
Thus, d(gz, w) ≤ 4C.
Consequently, we can write g = hgˆh−1 for some h ∈ G, such that
(15) d(o, go) ∼6C 2d(o, ho) + d(o, gˆo).
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Indeed, choose h ∈ G such that d(ho, z) ≤ C. Then |d(gho, ho) − d(z, w)| ≤
d(gho, w) + d(z, ho) ≤ C + d(gho, gz) + d(gz, w) ≤ 6C. Thus, we obtain an almost
geodesic decomposition as in (15). By construction, we see that d(o, ho) ≥ θ/4 ·
d(o, go). Hence, from (15), we see that the set of these g with the above property
is a growth tight set.
From now on, let us assume that b2 ∩NC(gα) = ∅ and b1 ∩NC(g−1α) = ∅. We
shall construct a periodic admissible path for the element g.
Let x, y be the entry and exit points of α in NC(b1) respectively. We now prove
that a path γ constructed as follows is a (g,D,C)-admissible path
γ = ∪i∈Zg
i([x, y]α · [y, gx]),
where gi[x, y]α is associated with contracting sets g
iNC(b1) with bounded inter-
section. It remains to show that [y, gx] has a bounded C-projection to NC(b1) and
NC(gb1). Indeed, the projection is bounded by C by the contracting property, since
[y, gx] is disjoint with them. Thus, as desired, γ is the periodic (g,D,C)-admissible
path so by Lemma 3.5, we get τ [g] ≥ (1 − θn)n.
By the construction of γ, the contracting sets giNC(b1) associated with γ gives
the combinatorial axis of g. It is clear that d(o,b1) ≤ d(o, x) ≤ nθ/2. By Lemma
3.5, we see that d(o,A (g)) ≤ θnn.
At last, we verify the assertion (3) that every geodesic β in Ax(g) contains an
(ǫ, fm)-barrier for givenm > 0. By Proposition 2.9, we obtain that d(x, α), d(y, α) ≤
ǫ. Since x, y are the entry and exit points of α in the (ǫ, fk)-barrier b1, we have
d(x, y) ≥ d(o, fko)−2ǫ. Understand Ax(f) as a C-contracting quasi-geodesic path.
By Proposition 2.4.(1), we can choose k as a big multiple ofm such that there exist a
constant C˜ = C˜(C) > 0 and a subpath from Ax(f) labeled by fm two endpoints in
C˜-neighborhood of [x, y]α. By definition, this implies β contains a (C˜, f
m)-barrier.
Thus the assertion (3) follows. The proof of the theorem is complete. 
4. Lower bound on conjugacy classes
In the beginning of this section, we only assume that the action G on Y is proper,
without any assumption on the growth function of ♯N(o, n) (i.e. whether the action
has purely exponential growth or not). Of course, we finally derive the lower bound
in Main Theorem using purely exponential growth of the action.
We first recall a result from [55] which holds for any proper action. For any
∆ > 0, we denote A(o, n,∆) = {g ∈ G : |d(o, go)− n| ≤ ∆}.
Lemma 4.1. [55, Lemma 2.19] There exist a set F of three contracting elements
and constants 0 < θ < 1, σ > 0 with the following property. For each n > 0, there
exists a subset T of A(o, n,∆) such that
(1) ♯T ≥ θ · ♯A(o, n,∆),
(2) there exists f˜ ∈ F such that for all but finitely many f ∈ E(f˜), the map
g ∈ T 7→ fg ∈ f · T
is injective and fg a contracting element,
(3) for each g ∈ T , diam
(
ProjAx(f)[o, go]
)
≤ σ.
Remark. The third statement is not explicitly stated in [55, Lemma 2.19]. But
it is the key result proven in the proof so that the labeled path by fg is (D, σ)-
admissible. The quantifier “for all but finitely many” thus follows for any f with
d(o, fo) > D by Proposition 2.9.
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Denote T˜ := f ·T for any particular choice f in the second statement. Note that
Ax(f) = Ax(f˜) since E(f) = E(f˜).
Lemma 4.2. For each element fg ∈ T˜ , we have τ [fg] ∼ ℓ[fg] ∼ n.
Proof. By construction, the element fg labels a peridic (fg,D, σ)-admissible path
γ. Thus, the conclusion follows from Lemma 3.5. 
The following result is from [39, Lemma 7.2], and a proof is given for complete-
ness.
Lemma 4.3. Given a compact set K ⊂ Y, there exists an integer N = N(K) > 0
such that for any geodesic segment α, we have
♯{g ∈ G : gα ∩K 6= ∅} ≤ N · ℓ(α).
Proof. We subdivide the geodesic α into segments αi (0 ≤ i ≤ ⌈ℓ(α)⌉) of length at
most 1. The proof clearly follows from the following observation: for each αi, we
have
♯{g ∈ G : gαi ∩K 6= ∅} ≤ N := ♯{g ∈ G : gK ∩N1(K) 6= ∅}.
Indeed, fix an element g0 so that αi ∩ g0K 6= ∅. Thus for any element g from the
left-hand set, we have gg0K ∩N1(K) 6= ∅ and the above inequality follows. 
Denote by [T˜ ] the set of conjugacy classes in T˜ . To obtain the lower bound, it
is sufficient to prove the following.
Lemma 4.4. There exists a uniform constant L > 0 such that each conjugacy class
[fg] ∈ [T˜ ] contains at most Ln elements in T˜ .
Proof. Fixing a choice fg ∈ A := [fg], we first define a map Π from A to G by
associating each fg′ to certain conjugator h′ given below so that h′fg′h′−1 = fg.
Consider the path γ obtained by concatenating segments [(fg)io, (fg)i+1o]. Re-
call that, in Lemma 4.1, γ is a periodic (fg,D, τ)-admissible path associated with
contracting sets (fg)iAx(f).
Pick any fg′ ∈ A \ {fg} so that h′fg′h′−1 = fg for some h′ ∈ G. Let γ′ be the
periodic (fg′, D, τ)-admissible path associated with contracting sets (fg′)iAx(f).
Since h′fg′h′−1 = fg, it follows that h′γ′ has a finite Hausdorff distance to γ. By
Proposition 2.9, there exists a uniform constant ǫ > 0 such that h′γ′ intersects the
ǫ-neighborhood of every segment (fg)i[o, fo] of γ: for i ∈ Z,
Nǫ(h
′γ′) ∩ (fg)i[o, fo] 6= ∅.
By symmetry,
(16) Nǫ(γ) ∩ h
′(fg′)i[o, fo] 6= ∅.
Since 〈fg′〉 acts on γ′ with fundamental domain S = [o, fo][fo, fg′o], we can
compose h′ on the right with an appropriate element from 〈fg′〉, still denoted by
h′, so that h′ · S ∩Nǫ([o, fo]) 6= ∅. Thus, h′f [o, g′o] ∩Nǫ+d(o,fo)[o, fo] 6= ∅.
If we denote K = Nǫ+2d(o,fo)([o, fo]), we obtain h
′[o, g′o] ∩ K 6= ∅. Lemma
4.3 gives at most N · d(o, g′o) elements h′ with this property for some integer
N = N(K) > 0. Hence, the map defined by
Π : fg′ ∈ A 7→ h′
has image consisting of at most N · n elements.
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To conclude the proof, it remains to show that the map Π is uniformly finite to
one. Consider fgi ∈ A for i = 1, 2 so that hifgih
−1
i = fg for hi = Π(fgi).
Assume that h1 = h2. Observe that g1Ax(f) = g2Ax(f). Indeed, since
hifgi[o, fo] ⊂ hifgiAx(f)
and hifgi[o, fo]∩Nǫ(γ) 6= ∅ from (16), we see that two contracting sets hifgiAx(f) ∈
X for i = 1, 2 both intersect γ. By bounded intersection of X, their intersections
with γ have uniformly bounded overlap. However, noting that |d(o, gio)− n| ≤ ∆,
this is impossible. We thus obtain h1fg1Ax(f) = h2fg2Ax(f) and then g1E(f) =
g2E(f). It follows that g1 = g2k for some k ∈ E(f). By Lemma 4.1, we ob-
tain that d(o, ko) ≤ D, for a uniform constant D satisfying Proposition 2.9. In-
deed, if d(o, ko) > D, then [o, g1o][g1o, g1ko] is a uniform quasi-geodesic. Since
|d(o, gio)− n| ≤ ∆, we obtain a uniform bound on d(o, ko). Hence, we deduce that
the map Π is uniformly finite to one. This completes the proof of the lemma. 
When the action has purely exponential growth, we obtain the lower bound for
all conjugacy classes in Main Theorem.
Corollary 4.5 (Lower bound). Assume that the action of a group G on a geodesic
metric space (Y, d) has purely exponential growth. Then there exists a constant
θ > 0 such that
♯C(o, n) ≥
exp(ω(G)n)
θn
,
and
♯C(n) ∩ C(o, n) ≥
exp(ω(G)n)
θn
.
Proof. Combinning Lemma 4.1, 4.2 and 4.4 together, we obtain that
♯C(o, n) ∩ [T˜ ] ≥
♯T
θn
for a uniform constant θ > 0. Then the corollary holds upon assuming that G has
purely exponential growth. 
5. Growth tightness of fractional barrier-free sets
In next two sections, we need two further ingredients to prove the upper bound
on ♯C(n). The first one, contained in this section, is required when the action is not
cocompact. The second one in the next section will address the issues of torsion in
the kernel of the exact sequence (4).
5.1. Growth tightness for fractional barrier-free sets. We begin with a gen-
eralization of barrier-free elements: those that stay barrier-free for a definite per-
centage of time. See §3.3 for another formulation of this notion. Similar results in
Teichmu¨ller spaces have been obtained in the work of Dowdall, Duchin and Masur
[21]. However, none of these could be implied by the other, and our methods uses
very little information from the theory of Teichmu¨ller spaces except that the ac-
tion of the mapping class group on Teichmu¨ller spaces is SCC with a contracting
element.
Definition 5.1. Fix θ ∈ (0, 1], ǫ,M,L > 0 and P ⊂ G. Let g ∈ G be an element.
If there exists a disjoint set K of connected open intervals α of length at least L
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in [o, go] such that α is (ǫ, P )-barrier-free with two endpoints ∂α ⊂ NM (Go) such
that ∑
α∈K
ℓ(α) ≥ θd(o, go),
then g satisfies a (θ, L)-fractional (ǫ, P )-barrier-free property.
Denote by Vθ,Lǫ,M,P the set of elements g ∈ G with the (θ, L)-fractional (ǫ, P )-
barrier-free property.
Remark. If θ = 1, then a (1, L)-fractional (ǫ, P )-barrier-free geodesic is the same as
an (ǫ, P )-barrier-free geodesic.
We are actually interested in the set of elements of g so that [o, go] spends θ-
percentage of time in NM (Go). Here, we prove a more general statement for future
potential applications.
Theorem 5.2. Let ǫ,M > 0 be given by Theorem 2.11. For any 0 < θ ≤ 1, there
exists L = L(θ) > 0 such that Vθ,Lǫ,M,P is a growth tight set for any P ⊂ G.
Proof. Consider an element g ∈ Vθ,Lǫ,M,P so that [o, go] cumulatively spends at least
θ-percentage of time in NM (Go) with each stay having length L and each stay being
(ǫ, P )-barrier-free. Then the number m = ♯K of stays is at most θn/L.
Let us denote the endpoints of the i-th interval in K by xi, yi for 1 ≤ i ≤ m so
that there exist elements gi, hi ∈ G with the property that
d(gio, xi), d(hio, yi) ≤M.
By definition, we have g−1i hi ∈ Vǫ,M,P . Let ω1 > 0 be the growth rate of Vǫ,M,P ,
which by Theorem 2.11 is strictly less than ω(G). For some λ1 > 0, we have
♯Vǫ,M,P ∩N(o, n) ≤ λ1 exp(nω1).
By Theorem B in [54], there exists λ2 > 0 such that the following holds for any
proper action with a contracting element:
♯N(o, n) ≤ λ2 exp(nω(G))
for n ≥ 1.
Keeping the positions at xi, yi as fixed along a geodesic of length n, the number
of elements g is bounded above by
λ2m · exp(n(1− θ)ω(G)) · exp(nθω1)
where λ > 0 is a constant depending only on λi and M . Indeed, the second factor
comes from the product of the number of elements in balls of radius d(gio, hi+1o) ≤
d(yi, xi+1) + 2M , and the third factor is the product of barrier-free elements g
−1
i hi
corresponding to xi, yi. The coefficient λ
2m takes into account the constant λi,M
in 2m multiplications.
Fixing m ≤ nθ/L and varying xi, yi, the number of configurations is at most
Cmn , bounded above by
(
en
m
)m ≤ (
eL
θ
)nθ/L,
which follows from Stirling’s formula.
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Let ω2 = ω(G)− ω1 > 0. We deduce that ♯V
θ,L
ǫ,M,P is bounded above by
nθ/L · (
eL
θ
)nθ/L · λ2m · exp(nω(G)) exp(−nθω2)
≤nθ/L · (
eL
θ
λ2)nθ/L · exp(−nθω2) · exp(nω(G))
Note that when L is large enough, the factor ( eLθ λ
2)nθ/L is little-o of exp(σn)
for some ω2 > σ > 0. Hence, the product of the first three factors is of order
exp((σ − ω2)n). The growth tightness of V
θ,L
ǫ,M,P follows as desired. 
We now derive a corollary of Theorem 5.2 in a specific setting. Let θ ∈ (0, 1]
and L > 0. Given g ∈ G, consider the set K of maximal connected components α
of length at least L in the intersection of [o, go] with the complement of NM (Go).
Let Oθ,LM denote the set of elements g with the following property:
∑
α∈K
ℓ(α) ≥ θd(o, go).
Corollary 5.3. For any θ ∈ (0, 1] there exists L = L(θ) > 0 such that Oθ,LM is a
growth tight set.
Proof. Fix a contracting element f ∈ G. To apply Theorem 5.2, it suffices to verify
that each component α in K defined as above is (ǫ, fn)-barrier-free for some n≫ 0.
Indeed, if not, assume that α contains an (ǫ, fn)-barrier t ∈ G for any large n. By
the contracting property, we see that if n is chosen so that d(o, fno) is large enough,
then α intersects a uniform C-neighborhood of the contracting set tAx(f), where
C is the contraction constant of tAx(f). However, the component α is disjoint
from NM (Go) by definition, so we have a contradiction when M ≥ C. Hence, α is
(ǫ, fn)-barrier-free for some n≫ 0. The proof is complete. 
5.2. Upper bound for all conjugacy classes. We fix a choice of constants θ ∈
(0, 1], L = L(θ) > 0 so that the corollary 5.3 holds. Thus, there exists an exponential
large set of elements g ∈ G such that at least (1 − θ)-percent of [o, go] lies in the
(M + L/2)-neighbourhood of Go. In other words, the cumulative stay of [o, go] in
NM+L/2(Go) takes up (1− θ)-percentage of the whole segment [o, go].
By Lemma 2.7, a strongly primitive contracting element is the same as primitive
elements. We conclude the section with the following result.
Lemma 5.4. There exist an exponentially generic set G of elements and θ,K > 0
with the following property. If g ∈ G is a strongly primitive contracting element
then [g] contains at least θ · τ [g] elements in N(o, τ [g] +K).
Proof. Let G be the set of elements g ∈ G such that g satisfies the condition in
Proposition 3.8 and does not belong to Oθ,LM (Go). Thus, G is exponentially generic
since it is the intersection of two such sets.
Assume that g is strongly primitive and minimal in [g]. The next three para-
graphs can be ignored, if the reader is interested only in the case of a co-compact
action.
As discussed above, for g /∈ Oθ,LM (Go), the (1 − θ)n-percentage of [o, go] is con-
tained in NM+L/2(Go). We plot inductively a sequence of points with step of length
at least 2M so that the the total number m of points is less than (1 − θ)n/2M .
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Precisely, from the left to right, choose x0 = o to start. If the point on [o, go] with
an exact distance 2M from x0 lies in NM+L/2(Go), let x1 be this point; otherwise
choose x1 to be the closest to x0 among points inNM+L/2(Go) satisfying d(x1, x0) ≥
2M . We do this repeatedly so that d(xi+1, xi) ≥ K and xi ∈ NM+L/2(Go), until
the terminal go is within 2M -distance of xm−1. Finally, set xm = go.
Observe that m ≥ (1− θ)n/4M . Indeed, the union of 2M -neighborhoods of xi’s
covers [o, go] ∩NM+L/2(Go) so the lower bound on m follows.
We have subdivided [o, go] into segments of length at least 2M in the above
way. Thus, for some θ′ = θ′(θ) > 0, there exists m = θ′n elements hi such that
d(hio, xi) ≤ M + L/2 and d(hio, hi+1o) ≥ 2M . We can then write g = s1s2 · · · sm
as a product of elements si = h
−1
i hi+1 for 1 ≤ i ≤ m.
The remainder of the proof is to show that all m permutations of the word
s1s2 · · · sm give different elements gi = si+1 · · · sns1 · · · si with length bounded by
d(o, gio) ≤ d(o, go) + 2M .
First of all, we verify the upper bound:
d(o, gio) ≤ d(o, s1 · · · sio) + d(o, si+1 · · · sno)
≤ d(o, xi) +M + d(xi, go) +M
≤ d(o, go) + 2M.
Now it remains to prove that gi 6= gj for i 6= j. Let gi = si+1 · · · sns1 · · · si and
gj = sj+1 · · · sns1 · · · sj. To derive a contradiction, assume that i < j and gi = gj.
Denoting t = si+1 · · · sj , we have git = tgj . Since gi = gj and g are conjugate,
we obtain that t ∈ E(h) for h := gi. Note that strong primitivity of a contracting
element is preserved under conjugacy. Thus h is strongly primitive, and we obtain
that t = hkf , where |k| > 1 and f belongs to a finite subgroup F of E(h).
By the normality of the finite subgroup F , there exists some n > 0 such that
tn = hnk. We then obtain τ(t) = |k|τ(h) for |k| ≥ 2. The stable length is conjugacy
invariant, so τ(h) = τ(g). Since g ∈ G satisfies Proposition 3.8, |τ [g] − d(o, go)| ≤
K0, where K0 > 0 is given by Proposition 3.8. It follows that
τ(t) ≥ |k|(d(o, go) −K0).
Recalling that t = si+1 · · · sj , we obtain that
τ(t) ≤ d(o, to) ≤ d(hio, hj+1o) ≤ d(xi, xj+1) + 2M
≤ d(o, go)− 2M + 2M ≤ d(o, go).
This gives a contradiction when d(o, go) is large enough. Thus, all gi are distinct:
there are at least m = θ′n elements in N(o, d(o, go) + 2M), where θ′ is a uniform
number. The lemma is proved. 
We also need the following lemma.
Lemma 5.5. [18, Lemma 3.2] Let ω > 0. Then there exists C > 0 such that
∑
0≤i≤n
exp(iω)
i
≤ C
exp(nω)
n
.
Let us now derive the upper bound on the primitive conjugacy classes.
Corollary 5.6. Assume the action is SCC. Then ♯C′(n) ∩ C(o, n) ≺
exp(ω(G)n)
n
.
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Proof. Define A′(i,∆) = {[g] ∈ C(o, n) : |τ [g] − i| ≤ ∆} for i,∆ ≥ 0. By Lemma
5.4, each class [g] ∈ A′(i,∆) of strongly primitive contracting elements contains at
least θ(i + ∆) elements in N(o, i +K) for some uniform K > 0. Since ♯N(o, i) ≍
exp(ω(G)i), we obtain ♯A′(i,∆) ≺ exp(ω(G)i)i . The proof is completed by Lemma
5.5. 
6. Uniform contracting elements
We now discuss the second ingredient in proving the upper bound for all con-
jugacy classes. By Corollary 5.6, we have showed the upper bound on primitive
conjugacy classes. To treat all conjugacy classes, we have to deal with torsion
elements which appears in the kernel of the following exact sequence
1→ F → E+(g)→ Z → 1
where g is a contracting element.
We point out that this section is not needed, if the action has no torsion elements
or there exists a uniform bound on the size of finite subgroups. The latter condition
is satisfied in large varieties of groups: hyperbolic groups, CAT(0) groups and
mapping class groups, to point out a few. However, there exist lots of examples of
relatively hyperbolic groups which have finite subgroups of unbounded cardinality.
The main technical result of independent interest is that an exponentially large
set of elements have a cyclic subgroup of uniform index in their maximal elementary
subgroups. This shall be proved using Bestvina-Bromberg-Fujiwara’s construction
of projection complex.
6.1. Projection complex. Let X be a collection of uniformly contracting sets
with bounded intersection. It is well-known that it satisfies the projection complex
axioms in [8, Section 3.1]. We recall some of their results that will be useful for us.
For a constant K > 0, the projection complex PK(X) is a graph obtained in the
following way. The vertex set is X, and two distinct vertices X1, X2 are connected
iff πW (X1, X2) < K for every W ∈ X. It is useful to introduce the interval-like set
XK(V,W ) = {X ∈ X : πX(V,W ) ≥ K}.
Thus, two vertices X1, X2 are adjacent iff XK(X1, X2) = ∅. The basic result in [8]
is that for a large K > 0, the projection complex PK(X) is a quasi-tree of infinite
diameter on which G acts coboundly.
It is proved in [8, Prop 3.7] that the interval XK(V,W ) gives a path in the
projection complex between V and W which is not necessarily geodesic. However,
if raising K to a large amount, we have the following result.
Lemma 6.1. [8, Lemma 3.18] For a sufficiently larger K ′ relative to K, all the
elements in XK′(V,W ) indeed appear in any geodesic between V,W .
The class of acylindrical actions has received great interest in recent years. See
Osin [46] and references therein, for a survey of a rapidly growing body of studies
of acylindrical hyperbolic groups.
Definition 6.2. An action of G on a geodesic metric space Y is acylindrical if for
any D > 0 there exist R,N > 0 such that
♯{g ∈ G : d(x, gx) ≤ D, d(y, gy) ≤ D, d(x, y) > R} ≤ N
for any given x, y ∈ Y.
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The action of G on the projection complex in [8] was recently shown to be
acylindrical for a variety of interesting examples, including a proper action with
contracting elements.
Theorem 6.3. [9, Theorem 5.10] There exists K > 0 such that G acts acylindri-
cally on the projection complex PK(X) that is a quasi-tree.
Proof. This is stated in [9, Theorem 5.10], as a consequence of [9, Theorem 3.9]
applied in our setting. However, no explicit proof is given there to verify the
following condition: for some fixed N and B, for any N distinct elements of any
XK(V,W ) the common stabilizer is a finite subgroup of size at most B.
Indeed, let N ≥ 2 be any fixed integer. If g lies in the stabilizer of a set of N
elements, say containing distinct V = t1Ax(f),W = t2Ax(f) ∈ X, then a uniform
power gk of g fixes V and W . By definition of Ax(f) = E(f) · o and E(f) (2), we
have that E(f) is the stabilizer of Ax(f) and so gk ∈ t1E(f)t
−1
1 ∩ t2E(f)t
−1
2 . It
suffices to see that tE(f)t−1∩E(f) contains at mostB elements for any t ∈ G\E(f).
Since the action is proper, there are only finitely many t such that the intersection
is non-trivial. Since tE(f) 6= E(f) for each such t, the intersection tE(f)t−1∩E(f)
is finite. So we obtained a uniform number B0 bounding on ♯tE(f)t
−1 ∩ E(f) for
any t /∈ E(f). Thus, B = kB0 verifies the above condition. 
Denote by dP the induced length metric on the graph PK(X). The following
criterion for an isometry to be loxodromic was obtained in [8, Lemma 3.22].
Lemma 6.4. Let K ′ be the constant given in Lemma 6.1. If there exists N > 0
and X ∈ X such that dP(g−NX, gNX) > K ′, then g acts as a loxodromic isometry
on PK(X).
6.2. Generic elements act loxodromically on projection complex. In this
subsection, we fix two independent contracting elements f1, f2 so that the set X =
{gAx(fi) : g ∈ G, i = 1, 2} of translates of the axis of fi is a contracting system
with bounded projection. We construct the projection complex PK(X) from X,
where K satisfies Theorem 6.3.
We are now ready to state the main result of this section.
Lemma 6.5. There exists an exponentially generic set G of elements which act by
loxodromic isometries on the projection complex PK(X).
Proof. Fix a large integer m > 0. Let G be the set of elements g such that the
minimal representative in [g] contains at least one (ǫ, fm1 )-barrier and one (ǫ, f
m
2 )-
barrier. By Theorem 3.1, this is an exponentially generic set.
We shall apply Lemma 6.4 to show that g ∈ G is a loxodromic isometry on
PK(X). Since the type of an element is preserved under conjugacy, we may assume
that g is a minimal element in [g]. Denote α = [o, go]. In the proof of Proposition
3.8, it is proved that there exists a periodic (g,D, σ)-admissible path
γ = ∪i∈Zg
i([x, y]α · [y, gx])
defined in (10), where x, y are the entry and exit points of α in Nǫ(b), and b is
either an (ǫ, fm1 )-barrier or an (ǫ, f
m
2 )-barrier.
Consider the geodesic [g−NX, gNX ] in PK(X). We choose m big enough so that
D > max{d(o, fio) : i = 1, 2} − 2ǫ ≫ K ′. By Proposition 2.9, we derive that for
each giX with |i| < N , we have ProjgiY (g
−NX, gNX) > K ′. By Lemma 6.1,
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we have that giX ∈ [g−NX, gNX ]. This implies that the length of the geodesic
[g−NX, gNX ] grows linearly as N → ∞. Thus, Lemma 6.4 is fulfilled, so g has
positive stable length in PK(X). 
The following consequence will be useful in next section.
Lemma 6.6. There exists an integer N > 0 such that for any g ∈ Wǫ,f , the
following exact sequence
1→ F → E+(g)→ Z → 1
where ♯F < N .
Remark. The lemma is sharp in the sense that there is no uniform bound on the
kernel for a certain sequence of hyperbolic (contracting) elements in Dunwoody’s
inaccessible groups [1]. Note that, Dunwoody’s groups are infinitely-ended and thus
relatively hyperbolic, so the prime conjugacy growth formula holds by Corollary 1.4.
Proof. The proof is due to [46, Lemma 6.8] and is short, so we include it for com-
pleteness. Pick any point x ∈ Y. Since Y is a hyperbolic space, the diameter of the
coarse center of F · x is uniformly bounded by a constant D > 0. Without loss of
generality, assume that x lies in the center so d(x, fx) ≤ D for any f ∈ F .
Choose h ∈ E+ such that d(x, hx) ≤ R. Since h−1fh ∈ F and d(fhx, hx) =
d(h−1fhx, x) ≤ D, by definition of acylindricall hyperbolicity, we have that the
cardinality of F is uniformly bounded by N . 
7. Primitive conjugacy classes are generic: end of proof of
Main Theorem
To derive the upper bound for primitive conjugacy classes, we will show that
inside a ball, the non-primitive ones are exponentially negligible.
Lemma 7.1. Assume that the action is SCC. Then
♯C′(o, n)
♯C(o, n)
→ 1,
♯C′(n) ∩ C(o, n)
♯C(n) ∩ C(o, n)
→ 1
exponentially quick as n→∞.
Proof. To prove the first limit, by Lemma 3.2, we can assume that all elements
in C(o, n) are contracting. By Lemma 6.6, we can assume further that for each
[g] ∈ C(o, n), there exists a uniform numberN > 0 with the following exact sequence
1→ F → E+(g)
φ
→ Z → 1
where ♯F < N . By Corollary 3.9, we assume that
|τ [g]− ℓo[g]| ≤ B
for a uniform constant B > 0.
By Lemma 2.7, a non-primitive contracting element must be non-strongly prim-
itive. Thus, it suffices to prove that the non-strongly primitive elements are growth
tight. Let [g] ∈ C(o, n) be a non-strongly primitive element, so by definition, there
is a strongly primitive element g0 ∈ E+(g) so that g = gm0 for some |m| ≥ 2. Note
that there are at most ♯F choices of g0, where ♯F < N .
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By the “moreover” statement of Corollary 3.9, |τ [g0]−ℓo[g0]| ≤ B. Define a map
Π : C(o, n) \ C′(o, n)→ C′(o, n) as follows
[g] 7→ [g0] ∈ C
′(o,
n
|m|
+B).
Varying |m| ≥ 2, we obtain a constant 0 < ω1 < ω(G) such that
∑
|m|≥2
♯C(o,
n
|m|
+B) ≤
∑
|m|≥2
♯N(o,
n
|m|
+B) ≤ exp(ω1n).
Since ♯F is uniformly bounded by N , for each |m| ≥ 2, there are at most N
conjugacy classes [g] such that Π([g]) = [g0] with φ(g) = m. Hence, the set ♯C(o, n)\
C′(o, n) of all non-strongly primitive elements is growth tight. So the first limit with
pointed length holds.
By Corollary 3.9, stable length differs from pointed length out of a uniform
error only for an exponentially small set of elements in C(o, n). By the first limit,
we obtain
(
C(n) \ C′(n)
)
∩ C(o, n) is exponentially small relative to C(o, n). Since
C(n) ∩ C(o, n) has the same growth rate with C(o, n) by Corollary 4.5, we then
obtain that
(
C(n) \ C′(n)
)
∩C(o, n) is exponentially small relative to C(n)∩C(o, n).
Thus, the second limit follows. 
By Corollary 5.6, we obtain the upper bound for all conjugacy classes.
Corollary 7.2. Assume that the action is SCC. Then
♯C(n) ∩ C(o, n) ≤ ♯C(o, n) ≺
exp(ω(G)n)
n
.
By Corollary 4.5, we obtain the lower bound for the number of primitive conju-
gacy classes.
Corollary 7.3. Assume that the action is SCC. Then
♯C′(o, n) ≥ ♯C′(n) ∩ C′(o, n) ≻
exp(ω(G)n)
n
.
Therefore, all assertions in Main Theorem are proved.
8. Applications
8.1. Application to Teichmu¨ller space. See e.g. [44], [53] for details on Te-
ichmu¨ller theory.
Let S be a closed oriented surface of genus at least 2. The Teichmu¨ller space
Teich(S) is the space of marked conformal structures on S. The Teichmu¨ller metric
is given by
d(x, y) =
1
2
inf
f
logK(f)
where K(f) denotes the quasiconformal constant and f varies over a given homo-
topy class. This makes Teich(S) into a proper unique geodesic metric space, and in
fact a Finsler manifold. The unit (co)tangent bundle of Teich(S) may be identified
with the space Q(S) of unit area holomorphic quadratic differentials. By slight
abuse of notation, we consider a Teichmu¨ller geodesic as a subset of both Q1(S)
and Teich(S)
The principal stratum Qtop consists of those quadratic differentials all of whose
zeros are simple. The mapping class groupMCG(S) acts on Teich(S) by isometries.
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An element f ∈ MCG(S) is contracting for this action if and only if it is pseudo-
Anosov. In this case, it preserves an invariant Teichmu¨ller geodesic: the axis ax(f)
of f . The stable length τ(f) of f is the displacement of f along this axis.
Gadre and Maher prove the following [27, Proposition 2.7].
Proposition 8.1. Let f ∈ MCG(S) be a pseudo-Anosov mapping class such that
ax(f) lies in the principal stratum. For each K > 0 there is an L = L(S, f) > 0
such that whenever γ is a bi-infinite Teichmu¨ller geodesic with uniquely ergodic
vertical and horizontal measured foliations and containing points X1, X2 in Te-
ichmu¨ller space with d(X1, X2) > L and d(Xi, ax(f)) < K for i = 1, 2 it follows
that γ also lies in the principal stratum.
We now prove Theorem 1.12 from the introduction.
Theorem 8.2. (Theorem 1.12) Let o ∈ Teich(S) and θ1, θ2 ∈ (0, 1). The subset
of g ∈ MCG(S) of pseudo-Anosov elements satisfying the following properties is
exponentially generic with respect to the Teichmu¨ller metric:
(1) d(o, go) ≥ τ(g) > θ1d(o, go)
(2) d(o, ax(g)) < (1− θ2)d(o, go)
(3) ax(g) lies in the principal stratum
Proof. This essentially follows from Theorem 1.11 and Proposition 8.1. The only
point that requires clarification is that the set of elements satisfying (3) is ex-
ponentially generic. Indeed, assume without loss of generality that o ∈ ax(f).
Theorem 1.11 (3) implies that for each n > 0 the set A(f, n,K) of pseudo-Anosov
g such that ax(g) contains an (K, fn)-barrier is exponentially generic. This means
for each g ∈ A(f, n,K) there is an h ∈ MCG with d(o, h−1ax(g)) < K and
d(fno, h−1ax(g)) < K. Note, h−1ax(g) = ax(h−1gh). Thus ax(h−1gh) con-
tains X1, X2 with d(X1, o) < K, d(X1, f
no) < K. Hence, d(Xi, ax(f)) < K and
d(X1, X2) > d(o, f
no)−2K = nτ(f)−2K. For large enough n we have nτ(f)−2K
is greater than the constant L = L(S, f) from Proposition 1.12 so that ax(h−1gh)
lies in the principal stratum. Since the principal stratum is MCG(S) invariant it
follows that ax(g) lies in the principal stratum. 
8.2. New examples with prime conjugacy growth formulae. In this subsec-
tion, we give some detail about examples appearing in Corollaries 1.3, 1.4, 1.6.
We first consider the class of cubical groups. A group G is cubical if it admits
a geometric action on a CAT(0) cube complex Y. One the one hand, when Y is
endowed with CAT(0) metric, an isometry is called rank-1 if τ(g) > 0 and any axis
of it does not bound a half-flat. By [10, Theorem 5.4], a rank-1 isometry is exactly
a contracting element with respect to CAT(0) metric.
On the other hand, it is very useful to study the cubical geometry when the
one-skeleton of Y is equipped with the combinatorial metric. This is a ℓ1-metric,
in contrast with ℓ2-metric induced from CAT(0) metric. The following result is
certainly known to experts [36].
Lemma 8.3. Let G y Y be a cubical group such that Y does not factor as a
product of unbounded cube subcomplexes. Then G contains a contracting element
with respect to the action on one-skeleton of Y with the ℓ1-metric. Moreover, every
rank-1 element preserves a ℓ1-geodesic by translation.
Proof. Two disjoint hyperplanes H1, H2 are called k-separated for k ≥ 0 if there are
at most k hyperplanes intersecting both H1 and H2. An element g skewers H1, H2
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if it pushes one halfspace bounding by H1 into one bounding by H1. By Theorem
6.3 in [13], there exists a contracting isometry g in ℓ2-metric so that it skewers a
0-separated hyperplanes. Such a hyperplane skewering involves no metrics at all
and thus implies that g is contracting with respect to ℓ1-metric by Theorem 3.13
in [29]. The conclusion follows.
Moreover, a contracting element in ℓ2-metric is exactly contracting in ℓ1-metric.
It is easy to see that an element g is a rank-1 element in ℓ2-metric iff it skewers
a pair of k-separated hyperplanes for some k ≥ 0. The direction “⇐” is given by
Lemma 6.2 in [13], and the other direction follows from Lemma 4.6 in [15]. Then
the proof is concluded by Theorem 3.13 in [29] that the same hyperplane relation
characterizes the contracting property in ℓ1-metric. The “moreover” statement is
proved by Haglund in [34], since a contracting element acts without inversions on
cube complex Y by Lemma 2.5. 
Right-angled Artin (Coxeter) groups. The class of right-angled Artin groups
(RAAGs) is presented by
(17) G = 〈V (Γ)|v1v2 = v2v1 ⇔ (v1, v2) ∈ E(Γ)〉
for a finite simplicial graph Γ. See [14] and [41] for references on RAAGs. A
RAAG acts properly and cocompactly on a CAT(0) cube complex called the Salvetti
complex. In [5, Theorem 5.2], it is proved that if G is not a direct product, then it
contains a rank-1 element.
The class of right-angled Coxeter groups (RACGs) is defined as in (17) with
additional relations v2 = 1 for each v ∈ V (Γ). A RACG also acts properly and
cocompactly on a CAT(0) cube complex called the Davis complex. From [6, Propo-
sition 2.11] and [15, Theorem 2.14], a RACG G is not virtually a direct product of
groups if and only if it contains a rank-1 element.
Using the co-compact action, it is clear that if an isometry preserves a geodesic by
translation, then the stable length coincides with pointed length up to a uniform
error. Together Main Theorem, the assertions (1) (2) in Corollary 1.3 follow by
Lemma 8.3.
Relatively hyperbolic groups. In a relatively hyperbolic group, hyperbolic el-
ements are contracting with respect to the action on the Cayley graph, cf. [31],
[30]. To count conjugacy classes of hyperbolic elements in stable length, we need
the following fact.
Lemma 8.4. There exists a uniform constant B > 0 such that for every hyperbolic
element h, we have |τ [h]− ℓo[h]| ≤ B.
Sketch of the proof. We refer to [56] for related notions and [22, Proposition 7.8] for
a similar argument. Let h−, h+ be the fixed points of h in the Bowditch boundary.
By [56, Lemma 2.20], there exists a sequence of (ǫ, R)-transitional points along any
bi-infinite geodesic γ between h−, h+, where ǫ, R are uniform depending only on
(G,P). Moreover, if pickup any such transitional point x, then 〈h〉x is uniformly
close to γ. This implies that |τ [h]− ℓo[h]| is uniformly bounded by an argument in
Lemma 3.4. 
By Main Theorem, the prime conjugacy formula for hyperbolic elements with
stable length follows and Corollary 1.4 is proved.
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SCC covers of moduli spaces. We are now explaining the conjugacy formula for
certain cover of moduli spaces associated to subgroups constructed in [55, Propo-
sition 6.6]. For the convienence of the reader, we briefly explain the construction.
The subgroups H < MCG(S) are generated by a free abelian group A generated
by Dehn twists and a cyclic group generated by a pseudo-Anosov element p. In [55,
Proposition 6.6], the second named author shows they are a free productH = A⋆〈p〉.
In order to prove this, he constructs an admissible path in Teichmu¨ller space for
each word in the free product (A ⋆ 〈p〉) \ (A ∪ 〈p〉). The admissible path travels
alternatively along a sufficiently long segment of the (translates of) axis of p. This
description shows that the word represents a pseudo-Anosov element in H , with the
axis uniformly close to a translation axis of p. In other words, each closed geodesic
on the cover Teich(S)/H of moduli space intersects a finite neighborhood of the
closed geodesic associated to p.
Since each pseudo-Anasov element in H admits an axis uniformly close to the
basepoint o, it follows that the stable length is within uniform additive error from
the pointed length. Thus, Corollary 1.6 now follows from the second item of
Main Theorem. The same proof also gives the general theorem 1.7.
8.3. SCC actions with infinitely many closed geodesics of bounded length.
We now give a geometrically infinite hyperbolic 3-manifold with infinitely many
closed geodesics of bounded length. This is essentially due to Peigne´ in [47], where
geometrically infinite examples with finite BMS measure are constructed as the
Schottky product of two Kleinian groups. For the convenience of the reader, we
give some details about the construction.
Let H be an infinitely generated discrete group acting on the hyperbolic plane
H2 such that ω(H) ≤ 1 and H2/H contains infinitely many closed geodesics with
bounded length. Such subgroups can be chosen as the fundamental group of an
infinite regular cover of a compact hyperbolic surface.
Via Poincare´ extension, the group H acts on H3 with the limit set ΛH contained
in a circle. We now take a discrete group G of divergent type acting on H3 with
ω(G) > 1 and the limit set ΛG disjoint with ΛH . Note that H (resp. G) acts
properly discontinuously outside ΛH (resp. ΛG). By taking sufficiently deep finite
index subgroups, we can have the following property: any h ∈ H maps ΛG into
a small neighborhood of ΛH and the same for g ∈ G. Thus, H and G stay at a
ping-pong position so they generate a free product Γ = G ⋆ H .
The (infinitely genearted) Γ acts on H3 with infinitely many closed geodesics of
bounded length on H3/G. Since G is of divergent type, we have ω(Γ) > ω(G).
Thus, by [55, Proposition 6.3], Γ acts by a SCC action on H3.
The above construction applies in higher dimension, but we do not know of a
finitely generated example with these properties. By Ahlfors measure theorem,
finitely generated examples cannot exist in dimension 3. (cf. [48, Introduction]).
8.4. Transcendental growth series. Theorem 1.8 is a consequence of the prime
conjugacy growth formula.
Define A(n,∆) = {[g] ∈ C : |ℓo[g]− n| ≤ ∆} for n,∆ ≥ 0. Each conjugacy class
[g] is contained in a uniform number of annuli sets A(n,∆) where n > 0. Hence,
for fixed ∆ > 1,
P(z) =
∑
[g]∈G
zℓo[g] ≍∆
∑
n≥0
♯A(n,∆)zn.
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By Main Theorem, the prime conjugacy growth formula holds for the annulus
♯A(n,∆) ≍∆
exp(nω(G))
n
.
The proof of Theorem 1.8 follows immediately from the asymptotics of the co-
efficients of an algebraic growth series in [26, Theorem D]. See [2, Theorem 1.1] for
relevant details.
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